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] 7L 3V XL, Neville algorithm

@ Press, Tuekolsky, Vetterling, Flannery, Numerical Recipes, 3rd ed,
2007.

@ J.Stoer, R.Bulirsch, Introduction to Numerical Analysis, 1980.
x; Tl P; % &£ 5% IHAD x TOMME %G L 72\,

(X — X,'_|_m)P,'(,'+1)...(,'+m_1) + (Xi - X)P(i+1)(i+2)-~~(i+m)

Xi — Xi+m

Pi(is1)-(i+m) =

Cm,i = Pi~~-(i+m) - Pi---(i+m—1)
Dmi = Pi(itm) = Pli+1)--(i+m)
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_ (Xitm11=x)(Cm,it1—Dm,i)

Dy, Xi—Xitm+1
C S (Xi_X)(Cm,i+1_Dm,i)
m+1,i = Xi—Xitm+1
C23\
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Package tk_exterpolate.rr

[3758] tk_exterpolate.initCD([x1,x2,x3], [p1,p2,p3]);
[3759] tk_exterpolate.showCD();

[3764] tk_exterpolate.nextCD_poly(0,1,x);

// C_{12}, D_{12} KD 5.

// C_{mi}, D_{mi} ¥ nextCD_poly(m+1,i-m,x)
[3765] tk_exterpolate.nextCD_poly(0,2,x);

// C_{13}, D_{13} &kd 5.

[3766] tk_exterpolate.showCD();

CcC=

[ 0p1 p2 p3]

[ 0 ((p1-p2)#*x+(-pl+p2)*x1)/(x1-x2) ((p2-p3)*x+(-p2+p3)*x2)/(-x3+x2) 0 ]
[0o000O0]
[ooO

L 2017.0328 4/ 16



A AT X B4, Stoer-Bulirsch algorithm

Dm+1i _ Cm,i+1(Cm,i—|—1 - Dm,i)
’ Xi.mDm,i — Cm,i+1
Corri = Xi.mDm,i(Cm,i+1 — Dm,j)
’ )Qﬂn[)nui'_ C;nJ+&

m=2v, m+1MHO%EEEDLDEDFN v IROAEA.

m=2v+1 m+1{HORZLEBIRRD v+ 1R, 30 v IROAHA.
import ("tk_exterpolate.rr");

[3665] G=tk_exterpolate.rat_extpl([x1,x2,x3], [pl,p2,p3],x);

(((p2-p3) *pl*x1+(p3*pl-p3*p2) *x3+ (-p2*pl+p3*p2) *x2) *x+ ((—-p2*pl+p3*p2) *x3+(p
[3668] red(base_replace(G, [[x,x1]11));
pl
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ODE 7% f## < Bulirsch-Stoer method

AT BHHRR Y = P(x)Y ® P(x), x=t TD Y Ofif Y(t). B H.

(U1 x =t +H TO Y OMDELUE Y(t + H).
For n € [2,4,6,8,12,16,24, 32,48, 64, 96],

@ h=H/n % stepsize L LT Y(t) &V Y(t+ H) ZdH OEAEME
THES . fEIE n ITRIFT 2D T Y(t+ H,n) &&EL.

@ Y(t+H,2),Y(t+H,4),....Y(t+H,n) &b BSEHIMHMT
Y(t+ H) Dz E 5. TEZ‘) +a 2% éﬁlb for % break

fl: Y'=Y,Y(0) =1 % Euler 22T < Z IXXDWALAT Y(t)
BWRD TN Z &Iz S 7.
Y(t+h)=Y(t)+ hY(t) = (1+ h)Y(t).

H=1X*L&>. ZOW, h=H/n=1/h,n=1/h T,
Y(H,n)=(14+h)" TH 5. BSIETIX, (1+h)V" =1 +1/n)" OffiEH
5 h=0 CTOE%FHEMEMHEEET 5.
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AHEOT ISk BS algorithm
M(K) 285 A — & Kk itz T 1751 e+5 & &,
M(mM(n —1)--- M(2)M(1)

ZEE T A% matrix factorial FHHEMEE I X2 2129 5.

@ matrix factorial 1312 1% chinese remainder Th & D EGETE 2 FH\\W /=
modular FFEVER. IO 43 EIR OB AT T 2 ERLER
DEHE. (W&, 20k, &1l 2015-, gtt_ekn.rr).

@ HH D linear ODE DEUHEMEEL, fAEIZIN U 72175 M(t, h) T8 L
Tt

Y(t+ h) = M(t, h)Y(t)
T Y 2D TWL DT matrix factorial 5HEZ([HZ 5.

import("gtt_ekn.rr");
R=gtt_ekn.g_mat_fac_itor(Y,M,1,N,1,k,Tk_bs_plist,Tk_bs_id]
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Package tk_rk-mfac.rr, tk_bs.rr

[3769] tk_bs.mid_point_mat (newmat (2,2, [[0,1],[x,0]11),x,t,h);
// BIEHSIEDITH] M.

[3821] tk_rk.rk4_mat(newmat(2,2,[[0,1],[x,0]1]),x,t,h);

// 41R® Runge-Kutta {ED{T4 M.

[ 1/24%h~4*t~2+(1/48%h"5+1/2*%h"2) *t+1/6%h~3+1 1/6*h~3*t+1/12*h"4+h ]

[ 1/6%h~3%t~2+(1/6%h"4+h) *t+1/24*%h~5+1/2%h~2 1/24%h~4*t"2+(1/16*%h~5+1/2%h"2
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BS algorithm /Q

@ b %M < EH 2 1 28EEHA chinese remainder filk matrix factorial
WS (W%, #8%, w1l 2015, gtt_ekn.rr).
gtt_ekn.g_mat_fac_itor(Y,M,1,N,1,k,Tk_bs_plist,Tk_bs_idl);

Q@ MWD HFEADIELEDE L VEELREREMBTHALTEE
RN D T, BS D step 12 B KA HEUTE S BOLLT/HE W
AP, tk_approx_r.cont_frac(R,Err,Err rel)

A DR L, double DB E DGR (72 & XA BEUERISES RO E
T) DFEMTAIAREE, UTGRE DT & BOEBLORRE DT T L\ WD T
QNS

B DEIFE: /NE-E 1L, ot_hgm_ahg.rr. ASHEE 5 D5 THE SRS E T
FHE LRV P AZE. AHE Runge-Kutta 75T HGM. Z % mdfk
L7zhro 7z,
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il

" X / /
2 = = =92
y =12 =0 y(0)=0y(0)

EZIE y =2arcsin(x). x =1 O TOEMEZ KD 72\,

[3405] load("tk_bs.rr");

[3439] tk_bs.bs_test3();
Time=9/10, Y=[ 1552/693 3377/736 1=[ 2.23953823953824 4.5883152173913 ], 2*asin(0.9)=2.23954
Time=99/100, Y=[ 1192/417 16602/1171 ]=[ 2.85851318944844 14.1776259607173 ], 2*asin(0.99)=2.85851
Time=999/1000, Y=[ 1639/537 60881/1361 ]=[ 3.05214152700186 44.7325495958854 ], 2*asin(0.999)=3.05214
Time=9999/10000, Y=[ 2363/759 38609/273 ]=[ 3.1133069828722 141.424908424908 ], 2*asin(0.9999)=3.11331
Time=99999/100000, Y=[ 5172/1651 66635/149 1=[ 3.13264688067838 447.214765100671 ], 2*asin(0.99999)=3.13265
Time=999999/1000000, Y=[ 2081/663 984293/696 ]=[ 3.13876319758673 1414.21408045977 ], 2*asin(0.999999)=3.13876
H seems to be too large. H<-H/2
Time=19999989/20000000, Y=[ 1733/552 795188/417 1=[ 3.13949275362319 1906.92565947242 ], 2*asin(0.999999)=3.13¢
--- snip 38 iterations
Time=19 999 99999999

/200000000000000000000000000000000000000,

Y=[ 1372/437 29418007/14709 ]

=[ 3.1395881006865 2000.00047589911 1,

2+asin(0.999999)=3.13959
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BS fififfli%k &2 HGM (Z

HGM 1387 AR, ZoHRAZAWT, EES OMEHOMEE FHH S
%Ik,
E;lJGM DR HEROEREOEGH CIIMEDFH R T E 220,

IR

[3823] import("tk_fd.rr");

[5146] M=tk_fd.umat_abc(a, [-4],3);
[ 1 (4*x_1)/((x_1-1)*a) ]

[ 1 (-a+d*x_1+2)/((x_1-1)*a) ]

1 4X11
Fla+1) = ( L L ) (o)

(x1—1)a
F(a) DHF—EHA 2F1(a,—4,3;x1) TZHA:

a(—4) a(a+1)(—4)(=3) »
Fi(a, —4,3ix) =14 — 2 4 — 2R
2Fi(a x1) + 131 3.2 )

ala+1)(a+2)(a+3)(=4)(=3)(=(=1) 4
43.4.5.6

EEE

x1 =1 TCOMEHFLET 5, EOWERIFLREADKRRM x =1 TIHHE
AT\,
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BS il HGM D it H
@ RHEEDOHT HGM Z5EH L TEHHE.
@ BS Ml CRE M TOMHEZFE.
BEZDEAZ S BEMEI R E 5.
A% dxnfiHl], BEES. d<n A®Drank I d. A D row span &
(1,1,...,1) 258, Bezd,.

p
ZB:p)= >, =
Au:,B,UGZ’iO

R DA & 9047 D IE ML E L

P(U=u|Au=p)="2/Z
Rz A= (1,1,...,1) 226, THIFZTHNAR.

Bil: 2 x 2 DRI CTTHGNFIDA —EDRMN EDME2EZZLHD A X

1 010
A=101 01
1100
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BS algorithm @ 0-cell FZE D ity

@ 7%, AR, Pfaffian equations and contiguity relations of the
hypergeometric function of type (k+1,k+n+2) and their applications.
arxiv:1602.01637 p D3RR SO S HGM TEHETE 5.

@ I, &, =il (2016), 2 uarHIRIIN T S 20+ m / I v 7 HEE
DI (RIMS GEZEEIZHH T E). 7 EEIE & chinese remainder T
FLEHAE R AL.

U URERS D ETEHRETER VDT, 722 21X O-cell (p; = 0) A3 5

DEHEPTE R\, (51K O-cell fHE).

i

A DB (1,1,...,1) £ T5. pe RL, ZHTOEME L I2H5H
7% 201 DR TD E[U] DEZEEHETNIE E[U] D L EOEED T
DIEDKRE S .

E[U] % LICHIRT 5 & A THEA f ROFHERICES.
L TR 1)




il

1 1/2 0
1 1/3 1/4
1 1 1

[6150] import("gtt_ekn.rr");

0

[6151] E=gtt_ekn.cBasistoE_0(0,[[3,4,3],[3,4,3]1]1,[[1,1/2,0]1,[1,1/3,1/4],I[1,
[ 71076/56575 98649/56575 0 1]

[ 157581/113150 28069/22630 77337/56575 ]

[ 39717/113150 114957/113150 92388/56575 ]

[5153] number_eval(E); // SHEDHARHE.

[ 1.25631462660186 1.74368537339814 0 ]

[ 1.39267344233319 1.2403446752099 1.36698188245692 ]

[ 0.351011931064958 1.01596995139196 1.63301811754308 ]
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HGM ~® BS algorithm Dt £ & &

— Numerical linear ODE over Q, ODE=ordinary differential or difference

equation
| HGM

’_szf% O-cell [T T X B RS L COMALA ekn_pfaffian 2.rr

Wishart, [ i 384k ‘ BIZ K BRES ETO SR nwishartd.rr

BS A B, 2 A5 O MEIZEH TR, B e, 251
AL

@ Flrl: WHPOERENRES.
Q@ il < DETOIMiZTEDTE. 7277 UAREFE XA RE

@ X EHAL.
@ numerical ODE over Q,,
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B U CRIFR L 7=y — L%

oxlistusage

def bs_next(P,Y0,X,X0,H,Eps)

"For dY/dX=PY, Y(X0)=Y0, it evaluates Y(XO+H) by the Burlirsch-Store method\
(rational exterpolation). When the step error < Eps, it returns.\

Options: mfac[0], same options with gtt_ekn.setup when mfac=1.\n\

Example: T=tk_bs.bs_next([[0,1],[0,x/(1-x~2)1]1,[0,2],%,0,9/10,10°(-5));\n\
number_eval(T); eval(2*asin(0.9));\n\

ref: Numerical_Recipes"

BI%D body.
}

oxlistusage I oxgentexi D AN Z LK. texinfo EAD~Y =27 L%

EEIENS

oxlistusage --oxgentexi <yang.rr |

oxgentexi --en --upnode "yang functions" >yang-auto.en

tex myyang.texi // yang-auto.en % include LT3
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