godagddgoooo,booog.
S:RYOD0DOO0DO0OO (0000
semi-algebraic set).

Ti(t) : t € S, smooth.

feRTOODOD0O0O0U. w0 SO0OOODOOOOOODOOO, Z(9)
ueudoooooooo.

u(f, t) = exp (;am(t)>, Z(Q):/Su(e, tydt (1)

u(0,t)/Z(0)0 PODODODODOO00O0 SOOO0DO000O0
oo.

0: A=(a1,...,a,), a €N (DDODDODO).

Ti(t) =t =L ()@ 000 *,
0((00000000):d=1,A=(1,2), S=R2

u(0,t) = exp(61t + 022), 6, < 0. Z() = @exp@/(w).

*t 0 t0 ,j-00000.0000000000000000000. 40
oo AOO.
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o000 2| 0OO0OO0OOODOOOO t(j)eS j=1,...,NODOO

g,boood
N

[ u(e.t())/2(9)

j=1
00000000000 00000000, FisherDODOODO
00O (Fisher's maximal likelihood estimation, MLE).

N

masargy [ ] (0, ¢(7)/2(0)

j=1
= maxargy » _logu(,t(j)) — Nlog Z(6)

J

= maxargg Y0y Y0 TH() ~logZ(6)  (2)
i J
—logZ(f) DO OO. MLEOOO:
o Z = L T T, ©
J
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6y = —1/2 (0OD0D0). his
togram D000 1000000
00 71 =60 MLEDO 6 =
T = 155 221 t1(j) = 6.0 (O
0). dielogZ (9= )00
00000000000 MLE
0oooO0oo0ooo.
00 |MLEDDODO(DDOOO0)0O0.
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IMLECDO,00000000 1

Theorem

0000 Brown 00 T, Michalek, Sturmfels, Uhler, Zwierniki, Th 2.2, 00
C={0cR"|logZ(0) <<}, K=convT(S)OOD % 0DOODO
00d,ViegZzO CO KDOODOODODO.

u(6,t) = exp (;9;7’;(0), Z(G):/SU(H, t)dt

T

L.D.Brown, Fundamentals of Statistical Exponential Families with Applicatioins in Statistical Decision
Theory, 1986, Th 3.6

iE><pc>nentia| Varieties, 2016

5T(t) = (Tu(t),. .., Ta(t)
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IMLEODD,00000000 2.

0000 ZOOO MLEOOOO. A:dxn00. 000000
000.rankA=d 0 (1,1,...,1) 00000000. 8eNd O
O0.pi=exp(d;): 00000, 00000
S={ceNl|Ac=p}00000000000,

2op= Y, H= Y MELD

[ c!
Ac=8,ceN] Ac=8,ceN]

gooooooo.

Theorem (T, Kuriki, Takemura (2018)Y)

Newton 000 New(Z) (ZDO p000D0D0O00D0)0D0D0O0
n—d0O0 ViegZ O R"/Im AT O relint(New(Z)) DO OO .

q’[

A-Hpergeometric Distributions and Newton Polytopes
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MLEOODOOOOOOOD

Statisticians require numerical values.
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MLEDDDDDDDD.‘ (2)00000oO00ooOoUOoO =
MLE. gradient descent 0 O Z,g—GZiDDD,DDDD 20000
gooag.

l. 700000000000 DOO0ODO0O. ODDOOoODOOOOO
ggooooooobooob.bbobbbuoddouooon
goooooobobobobbooooooad.

2. Z000000000.0DO00O0O0OODOODOOOD
gjooooooobobobobbbtbddu. oo oo
gbooob.ooogooboooboob,bobooooboboooon
ggoooooa.

3. Z0000000. 00000,

0 10000 0O: holonomic gradient method (HGM) O O O
holonomic gradient descent (HGD) OO0 . 000, 000000

0 (2012), 000 O [openxm hgm| 000,
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HGM (holonomic gradient method) 0 07| HGM OOOOOO

000000 SO00000 Heaviside OO 0O holonomic O OOO
o0o0ooogoooo.

'HGMO 3000 |

1. 000000000 holonomic 000000. 000000
0000000000000000(000000)* 00
00000 Pfaffian (Pfaff 00 0)0 00

2. Pfaffian OO OO0DOOODOOCOODOOOOOOOD. OO
gbobobobobooooooooooobooooooon
gobo.obooboobooboooobooooobooaoo.

. 0pgboobooobobooboboboboboboboo
gopoog.

*00000000 Grébner 000000000 OOOOAO.
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[ exp(f1t + 02t%)dt.

Example of HGM ‘ Z(0)
1. Z is annihilated by

0101 + 20202 + 1,03 — 95

Put F=(Z,0002)".

OF OF
T pr, C_gF
001 T 06, Q
-1 =26> 0 1
910 03 Z;

016>

2. 7(0,-1/2) = /7.
3. F(01+ h1,00 + hy) ~ F(0) + b1 P(O)F(0) + haQ(0)F (),

h;'s are small numbers (1st order Runge-Kutta method).
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HGD, HGM O O O4Odood

H.Nakayama, K.Nishiyama, M.Noro, K.Ohara, T.Sei, N.Takayama, A.Takemura , Holonomic Gradient
Descent and its Application to Fisher-Bingham Integral, Advances in Applied Mathematics 47 (2011),

639-658.

H. Hashiguchi, Y. Numata, N. Takayama, A. Takemura, Holonomic gradient method for the distribution
function of the largest root of a Wishart matrix, Journal of Multivariate Analysis, 117 (2013), 296-312.

1.

bempackage (hem} R Documentaton |

Description

‘The holonomic gradient method (HGM, hem) gives a way iz
differential or ‘The holonomic

maximal likelihood estimates by utilzing the HGM. oo
RIVY-I Quantz2 11

@QJGEQ L

hgd) gives a method to find

? g[.

-, e

LR version 3.1.3 (2015-03-08) —- “Smaoth Sidews

L Copyignt €3 2015 Th & Foundation for Statisticol Corpting
pole-dornini3.4.b (64-b1E)

10

Ty
N
PR
i
8
8

§
W
3
-4
£
3

Tru, eauyorozrenn. o,
U —roseiai. RakcnemRA
4 Eoaroms

0.8

H R i3 ORI S 5RFTOT2 0 1 T,
LG “contributorsQ" £ANLTCREN,

T ar. 8 R 0/t 7 —UEREHTIRT OB ONTH

W citotiond)! EARLTIRELL

0.6

R den()' eAnTRUTERSSTENTERT,
0" ¥ty e,
help. startQ)" T WL IO £ BNLTHBSRET.
pries it

s
(1, 20, 300),

[R.cpp GUI 1.65 (6913) x86.64-cpple-darwin13.4.0)

3, beta
04

.. Jp/Volunes/noedd/ taka/ . Ropp. history]

200, err = c(1e-30, 1e-10),

> Horaryon)
§ BRENLIS 7Y deSolve &O-K4TT

02
L

koot ham. p2wishartn-3 beta-<(1,20,300),4-300, 1122, 2200, er-cC1e-0, Lo 103, 0
B toplot-))
To- ME Cautoplot’ £

o

n2

sxenTy

azen

22,12:208 err-cCle-30, 1e-10),autopl

hgm.p2wishart(m

Lok Chan.s2visharto-3,betanc(1, 20,200, -0,
D)

o
3
> helotran) o |
g o wf
T
0

tarting httpd help server ... done

T T T T T T
50 100 150 200 250 300

beta = ¢(1, 20, 300), q = 300, n1 = 22, 1]
c(1e-30, 1e-10), autoplot = 1)[,1]

A
hgm.p2wishart(m =
n2 =200, err

[Package hgm version 1.16 Index]
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Ss'0O00000 Fisher-Bingham 0O : Von Mises O [ .

2w

—

exp (91t1 +92t2)(551( )
R2

t;] = cosu, tp = sinu : S1 OO0
OO0O000. ds1 : OO0 support O
00 d measure.

exp(01 cos u + O sin u)
Z(0)

MLE OO 1: winf2.rr, demo1();

exp(f1 cos u + 6o sinu)du

North{

——

South-

Figure: DO DOODO
100000000
OoooDoogo
o000 13000
Oo0o0(uooog
oooooogo
O(11oooo):
oooooooo
oooo)
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goooobooogoon

1 1 2 3|7

1 3 1 1|6 =U(@OOO)

2 4 3 4]
00,0000000000000S. A0000
S={ueN§|Au=8=(6,2,4,3,4)T},

>

Il
OO O+ O
OO = OO
O = O OO
= O O O o
OO O
OO = O =
O OO =
= O O O~

maxargy U - 0 — log Z(3; p)

. pi =exp(0;)
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O0o000d0Z=00,Gelfand 000000

Y. Goto, K. Matsumoto, Pfaffian equations and contiguity relations of the
hypergeometric function of type(k + 1, k + n+ 2) and their applications,
Funkcialaj Ekvacioj 61 (2018), 315-347.

Z(B; p) oF

F(ﬁvp) = . ; apl = QI'Fa F(ﬁ"'elvp): RIF(BIP)

OO0HGM: OODODODOO FOOODODOD.
MLE OO 2:

import ("gtt_ekn3.rr");
gtt_ekn3.cmle([[1,1,2,3],[1,3,1,11]1);
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00 (test)

pcsSOOO,
/u(e, t)dt/Z(0)
P

gobobobg.

O.00bbo00ooooobooor?»pboo00oooobboOoooo
ob.00b00ooobogb. oboboboboboo. KOooo
oob400 1000000 D0000DOOODOOODOOODO

g2gpooboooooogoo 3ogouoboboboooogr,

obO,2000000000000D00O01000D000D00D00ODO
goo.obooboobg,booooboboboboobon
oooooooooobobo obogrooobbo.ooboooo
obobobob2ob00b0obobobuobobob s0onodg
gbobosoooogog.bobo

20 2
_(t—m)
/ N(25,3; t)dt ~ 0.05, N(m,s:t)= e 32 /7,7 = /275
—00
goooooooooooboooooooooosooooon
o0o00o0oo0oo “cOo"oo0o0oooooooon.
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Test and A-hypergeometric system‘ Let T;(t) = t% and put

I1(P;6) /exp (Ze Ti(t) + (=B — 1) log t) dt.

Theorem (Nishiyama-T, 2010*)

When P is a polytope, the function I(P;0) satisfies the following incomplete
A-hypergeometric system.

We call the following system of differential equations Ha(3, g) an incomplete
A-hypergeometric system:

(Zl 2i0;0; — B,-> of
(ITor-1127) o1

i=1

I
]
-

I
\‘l—‘

Q
N—

I
o

with u, v € Ng running over all u, v such that Au = Av).

Here, No = {0,1,2,...}, and 8 = (B1,...,084) € C¢ are parameters and
g = (g1,...,84) where g; are given holonomic functions.

*Incomplete A-Hypergeometric Systems
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fPexp(ZIG,—t‘a")dtDDDD A-00000D0O0OO0O. 000000000 0booO0. oo

00000000000000000D0: 00,00 (2012) 000 (2015) 000000
00 http://www.github.com/tkoyama-may10.
a;, b 0OOO0OOODOOOO polyhedron.

d
P={xeR?: > ayxi+b>01<j<n} (1)

i=1

d
1 1
PI‘Ob(XeP):W/EPeXp <—2 E X,2> Xm"'dXd. (2)
x i=1

Orthant probability by R
https://cran.r-project.org/web/packages/hgm/
index.html

library (hgm) ;

hgm.ncorthant (
matrix(c(2,1,1,2),nrow=2),
y=c(1,1.5));

[1] 0.6930033
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http://www.github.com/tkoyama-may10
https://cran.r-project.org/web/packages/hgm/index.html
https://cran.r-project.org/web/packages/hgm/index.html

F; O PO facet O Z,.d:lain;erj:ODDDDDDDDDD.Facet[l[l[l[l
00000 indexOOOOOOO FOOO.OOO,
F={Jc{l,...,n}|F, #0}, F,=njey,[;f D00 FOOODOOOOOODO
0,000 PO0OODOO. Pfafian 0000 {g/, JEF} O FO index 000
O0. Pfaffian OO0 O O0O0O0OOO.

Theorem (J 0, Holonomic Modules Associated with Multivariate Normal Probabilities of Polyhedra)

0,8 = Y akdnOng’ (1<i<d,1<j<n,JEF),
k=1
g’ = gV (el Jer),
g’ = =) () (bng +y au(a)gw“}> (ed JeF).
keJ LeJe

000 ar(e) 0 j OO0 Zzzlak,-aijDDDD. ar(a) 00000 jOODO
(@l(a))ijer ODODO.

’ 00,00000 HGM O OO : exact sampler‘ 0 0O : Partitions,
Hypergeometric Systems, and Dirichlet Processes in Statistics, JSS Research
Series in Statistics, 2018.
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Holonomic distribution 00000 |
D,000000000000C0O00.0000C00000G000000
Ry = C(x)(01,.-,0n). L =3, gyck 3a,sx"0" € Dy.

ord,y(L) = max( gyee (va+ vp) 3)
ing,(L) = > aa,5x"E" € Clx,¢] (4)

ord(x>d8)=ord(L),(a,B)EE

000 u=(1,...,1)and v=(1,...,1).

D, DDDDDDIDDDD ing, (1) = (ing,w(L)|Le ) O 10 (u,v)-initial
ideal 00O /O ing(/) O (Krull) 000 n0D0DO0DO0O0 holonomic 0O OO
000d. dimexyRs/Rs O 1 O holonomic rank 00000 . holonomic 000
ooooo hoIonomlcrankDDDDDDDD , (generic 000D OO)ODOO
goooooo.

R” 00O Schwartz distribution f O holonomic ideal D 00O 0O (holonomic
ideal 00000000000 ODDOOOOOOO)OO, fO holonomic
distribution OO 0O. D-O0000O0O0O0O0O0O00O0O0O0OO.

Theorem

f(xi, .. )I] holonomic distribution 00, 000000,

g(x)_fR,, w F(X)dXmi1-+-dxy O m-00 x’ O holonomic distribution 0 0 0 .
g(X)DDDDDDDDDDD f(X)DDDDDDDDDDDDDDDDDDD
Ooo0ooooooooooooooo.

3/6



goboboboobooboo
D,000000 /000000 6:Dy+-+++0mD, 0000

(I + 01Dy + -+ 4+ 0mDpn)) N C{Xmt1,- -+ s Xns Omt1s---50n)

goooboo.

1.

2.

Creative telescoping (D.Zeilberger, 1980's — 2010's, M petkovsek,
H.Wilf, D.Zeilberger, A = B, 1996 ),

D-O00000 (DDD,aIgorithms for b-functions, restrictions, and algebraic local cohomology
groups, 1097 [ [J ),

F.Chyzak’s heuristics (2000's), C.Kouchan's heuristics
(2010's) O Mathematica DO 0000
HolonomicFunctions.m

http://waw.risc. jku.at/publications/download/risc_3034/nt.pat L1 1 0 O O 0O O O .
Risa/Asir, Macaulay 2, Singular, 000000000000
D-module OO O OO,

semi-algebraic set 0 Heaviside 0 000 OO holonomic O (o
00, Algorithms for Integrals of Holonomic Functions over Domains defined by Polynomial Inequalities

2013 0 0),
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http://www.risc.jku.at/publications/download/risc_3934/hf.pdf

0000000 HGM| xO Polyhedron POOOODOOO P(x € P)
O00000000000. 000000 WDOOOOOOO00O0000 x0O
000000 POu(W)>x)0000000000000000000000.
AO mxnO randomO0O. geS™ ! hesS" ' 000. g0000D0O0O00
00 SO(m) 000 (g,G(g)), hOODODODOODOODO SO(n) OO0
(hH(h) OOO,oc=g"Ah, B=G'"AHO AOUDOOOO. OODO
M,={hg"|g"Ah>x} 0 Euler 0000000000 DO0OOOODOOO.

Theorem (T, L.Jiu, S.Kuriki, Y.Zhang, 2020)
00 ADOOD p(A)000000. 0000000, Elx(M)] O

1

(5)
0000. 000 G'dg=A";"G'dg, H' dh=A""'H dh, 000, G O H;

00000 GO HO iO0OOODODODOO0O. 00 dg = (dgi,--.,dgm) ',
dh = (dhy,...,dh,)".

Euler D00 O0OOO (Adler-Taylor 2007, DO-00 2009 00) 000000
0 AAT 0000000000 x—+4co 0000000,

,/ g"*mdo'/ dB/ Gng/ H' dh det(6?l,_1—BB " )p(A).
2/, R(m—1)(n—1) sm—1 sn—1
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1

PINIA = T2 det(zyn 2

exp{ngr(Af M)TZ_I(A* M)}dA~ (6)

0000. A00D00D000 non-central Wishart matrix Wi,(n, &, £ ~'MMT) 0000000000,
000000: M=0000 central 0000000000000 Jp/sO00000 (cf. OO0, 00: Selberg 100)

Theorem (T, L.Jiu, S.Kuriki, Y.Zhang, 2020)

5 S
Elx(Mc(s))] = [T < exp (—~02) e" "M Fi(—(m—1),1+ n — m; so?)do,
e[ “er(-57) ™

000 ¢,ce,c,a,cs 0 T00000000000.
D000000: 0000000000000000 n=m=20 x00000 110000000000.

06

04

02

foo 750 20 250 30 30 00 o . ©c0o0o0o0s

3‘@ 3‘7 3‘8 :‘9 A‘I)
m=10,n=1200,M=0,% = Ip,. .
1 3
m_n_2,M_<2 0),

¥ = diag(103,1072).
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