FHEAELD direct sampler ~DIH
FILE R (A RAE)*, HEHET- (F8iT)

2% R | hgm OpenXM | search.

http://www.math.kobe-u.ac.jp/HOME/taka/2018/
rims-2018.pdf, http://www.math.kobe-u.ac. jp/HOME/taka/

2018/rims-2018-en.pdf (partial) English translation

The A-hypergeometric system is defined by the toric ideal plus
Diaconis-Sturmfels
first order differential operators. The partition function of the
(1998) found that any set of generators of
distribution is a solution of it. S.Mano found that the recurrence
the affine toric ideal of a matrix A gives a
relation of the partition function gives an ‘“effective” direct
Markov basis for the Markov chain Monte
sampler for the distribtion. Some computer algebra algorithms
Carlo (MCMC) simulation for the distribu-
can be applied to obtain the recurrence relation (contituity
tion associated to A. It can be constructed
relation).
by a Grobner basis computation.

SPAGERE (MR, M2) DESEDRSR b &L
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Sampler = 52 6 L7 3 A0 IHE 9 BLEL (R 7 b
W) 2T 5

Example

uy +ux = B,u; € N
Zhi 7z TEDRT bV ou = (ug,u) 2D

EBDEINICT VI LITERLEI W, 22T p >0,
p1+p2=1

FLAEB=2p=1/2 %5

P(U=(0.2) =3, P(U=(L1) = 5,P(U=(2,0) = ;

rbinom(20,size=2,prob=1/2);
[1]12121102011220221211

(1,1),(2,0),(1,1),(2,0),(1,1),(1,1),(0,2),... k. 22



’ Direct sampler TZ DELEZES 6:01?‘
Input: 5, p1, p2
Output: (u1, uo)

1. (c1, ) = (0,0) (init count vector)
€1 = P1€rlp2' €2 = PIF‘EP2-
[0, 1] fi’ €1 .6 @B:FEE[ E1, E2 Cf-éj\%?”.
[0,1] \ZfiiZ & >—KRELEL t &2 —D K.
ift € E;, then ¢ ++, B — — else if t € E,, then ¢, + +,
B——.

6. if 3 > 0, then goto 4 else return u = (c1, ).
B =3 TID direct sampler DEITHEER! (NIEL THAIZZD %
£ 70).
Theorem (well-known)
(u1, up) 2152 HERIF (1) =
Proof. Step 5 Ti#IX#1 % index DIN%Z i, io,...,05 T 5. i 13
122ThHa. Hlklix=1}=c, {k|ix =2} =, THo%.
Lo T D index S 213 5 1HEHIZ pitps2. FU ¢, c0 DI 1,2 D
WA (D) £BD. O

O wn
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A A E1E?

A: d x n {151, BEULIT T p e R, ue Ng, B € N§.

u

ZaBie)= Y. & (2)

Au=B,ueN]

EBOT, ueN] IKNLT AGHERDOATED 2.

u

muznzmi%zj (3)

ul = u!- - upl.

Bl A= (1,1) o IRHIDHI. B11Za(B; p) = (1 + P2)°.
ff¥7 @ direct sampler for A-distribution: S.Mano, The A-hypergeometric
System Associated with the Rational Normal Curve and Exchangeable
Structures, Electronic Journal of Statistics 11 (2017), 4452-4487 3

M ATHDORTIZ4E 1. rank = d.

*https://projecteuclid.org/euclid.ejs/1510887943
5/22


https://projecteuclid.org/euclid.ejs/1510887943

direct sampler 7L 3 X4 ([H%F, 2018)

Input: 3, p
Output: ¢
1. ¢:=(0,0,...,0) (init count vector)
2. ¢ = %, i=1,...,n5
3.[0,1] Z e1: e : ... 1 ey WO
4. 10,1] Iz R > —RkELEL ¢ 2 —D AR
5.t 3 e DFIRICAS/E ¢ 2 1 HPRT. g:=8—a;.
6. 8#0 7% 5 goto 2.

MTLEE c i3 Ac=8Y 27T, 2B a; 13751 A D i Fl.

50—a; g N %5 ¢=0. |f|=H+...4+ B4
THEmth o 8 T% < input D B
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e D5 < Wik % FHRET|

1. 1980 R0 & GHEARE D RIEIZ since D.Zeilberger. The
book “A= B",
https://www.math.upenn.edu/~wilf/AeqB.html

2. WA RO 7L 7 — K. (1 + (S —1)Dp) N Dy-y.
S 3R

3. Creative Telescoping. (I + (S —1)Rn) N Ry—1.
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https://www.math.upenn.edu/~wilf/AeqB.html

’ % direct sampler @‘I‘i%f‘ ZA(B; p) ZEEDPOEIET 5D
B1 % A DIKE W EGIERN D 5 TR EED G .
Theorem
1. A-BRMIRD Pfaffian 1277V 7' F —FECRERETTEE. 2
Wb 5.2 T COBBHER o 2Nt citE T 2 |,
2. N HOEEAGFHT 2 720D REIX O(r2BN) 77 A 7
L7 —HIKHEDHEE. 22T r 3 AD normalized
volume. £ 7-HEEOVIHIOFIHEER X O(1) £ 5.

i

1. MCMC** DRI O(n'(N * T + (burn-in D [A[%1))) 1.

2. A B3 Pfaffian = contiguity. Pfaffian OEHIZFHERD L WA
TH DD, %I, IMARD E(k,n) O contiguity BIfR = AN 0EHIRD
sampler ¥,

3. Direct sampler: MiFIMLTTRE, /8T X — & OFFEEARLE (FREA ).

I—fgt D I2H (% tk_ ds_ahg.rr

**Diaconis-Sturmfels, 1998, Z D\ “7'L 7' —iE" &M

0 13 Iy DEBICORAKIE. T 1% thinning DG

H9LE L gtt ds.rr
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gtt_ds.rr @ timing data

it
4
19
3
26

1 9/10 11/10
P=| 1 13/10 99/100
11 1

AT /HEH

o o NN

Slo o>
alw N oln

3o w >
—
=

Au = B: 1781, FIMI EDORTEZ 517 b D THIE.

100 D EEL DAL 81.5s + 48.1s
3x3Tr=6. 3 = 26.
5x5 Tl r=(8) =70.

bignum...
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MCMC & direct sampler 12X % p-fED

AL CPAERR M212 X 3)

nnnnnnnnnnnnnnnnnnnnnnnnnnnnnnn

B3 7L 7 =0, AT /AR D
BT — 21T 2 ¥ Btz £ 5 p-
HOFHTHZ. p &
1.01 1.05 095 1.06 0.93
0.97 1.05 0.97 1.07 0.97
0.94 103 0.98 099 1.07
0.97 1.01 0.93 099 1.01
1.01 1.01 099 1.03 1.06

WD D p IR 2 WIEHEE
T3, HRED direct sampler (Z[EHF O it
bzl X 275 Cld % < Za(B; p) D Taylor
JEBH 2 7R RGEHRIC L 25D TH 5. 2
RO Taylor B CTRIFAMGRZHRTVR 5.
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/el | 5 4 3 2 1| &t
5 2 1 1 0 0 4
4 8 3 3 0 0 14
’63‘;.]’2!%, Timing 7—% 3 0 2 1 1 1| 5
2 0O 0 0 1 1 2
1 0 0 0 0 1 1
Hi 10 6 5 2 3] 26
9 fiDH v T,
MCMC CPU R[]
burn-in:0 thinnng: & L 362,809
burn-in:10000 thinnng:fE L 378,440
burn-in:0 thinnng:100 17,063,450
burn-in:10000 thinnng:100 17,064,158
MANO
Taylor 0 X 27,174,019
Taylor —X 289,105,633
Taylor X 14,849,937,181

CPU IRf#] * 1% 1,000,000 T 1 .

*clock () CTill. Xeon E5-4650 CPU, 2.7 GHz; 256 GB .of memory.
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burn-in 0 burn-in 10000 thinning 100 burn-in 10000 ,thinning 1
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Figure: MCMC & direct sampler 12 & % p-flEDFFRE (CHFARGESR M2 12 X
% )[H5KIK) £i%ild thining 100(238)41C %)
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A BT (L 137)

A dx n {750 BRI, A DIIRT RV g a; 1 Z9 24K

B=(B,-..,Bq4) € C? (parameters).
C<X1, ... ,x,,,@l, ... ,an>, XjXj = Xinaaiaj — ajaiaaixj — Xja/ + 5[]

D ¥k D, LtEL.

Definition
A-hypergeometric system % 7z (% GKZ hypergeometric system
(GKZ, 1989), Ha(3), Ma(B) = Dn/Ha(B):

(E—Bi)ef = 0, E—pi=> apx0— B, (i=1,...,d)

Jj=1
O,ef = 0, 0,= H o — H aj_uj
{i | 1<i<n,u;>0} {1 1<j<n,u;<0}

with v € Z" running over all u such that Au=0,u # 0.
Ia V& Oy EDSClO,...,0, THEET 24 T TV,
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Bl (£ 127)

100 -1 0 0
010 0 -1 0
AFe2)=19 01 0 o0 -1
111 1 1 1

degree(la) = vol(A).

Example

Macaulay2 commands to evaluate the volume (the degree) of
A(0134). Here, 05 is Ia.

loadPackage "FourTiTwo"
M=matrix "1,1,1,1; 0,1,3,4"
R=QQ[a. .d]
I=toricGroebner (M,R)
05 = ideal (b"3 - a"2*c, b*c - axd, - a*c™2 + b~2*d, c~3
degree(I)
o6 = 4

- bxd~"2
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contigyity & #ll (£1X7) ‘
II‘%EZ f 7f)§ HA(B) @ﬁﬁtﬁ 6, 8,-f ¢ HA(ﬁ — a,-) O)ﬁﬁ:’&_ 7;?6
f BEXN f O % basis vector F & L 72 Pfaffian

O;F = PiF
Z{E% L, P; 1% contiguity
Pi(B)F(8:x) = F(B — ai: )

BHAD. = | WRHEO I & O EAMHLA TR |
#: A=[[1,1,1],[0,1,2]]. Pfaffian &

B _2x3
X1 X2
02 — ( 26:(B—1)x1  —A(B2—1)x1x3+(B2—2B1)x3 )

4x (X1X3—X22) 4xo (X1X3—X22)

load("tk_ds_ahg.rr")$ C=tk_ds_ahg.build_contiguity_O([[1,1,1],[0,1,2]1)
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B: Z oHER R 5 1]

Contiguity relation/Recurrence relation

8,' ° ZA(B;X) = ZA(ﬁ — a;;x)
(the contiguity relation)
Numerical evaluation of hypergeometric polynomial becomes hard
problem when dim Ker A and the rank of Ha(/3) increase and /3
becomes larger.
Example:

k(B 1 1
F abC}/ kZHHkIHCI Yo A_<En+1 _En+1>
€N

where (a)m, = a(a+1)---(a+m—1) and |k| = ki + -+ + k.
n=4,a=-179—- N, b=—-139— N, ¢ = (37,23,13,31),
y = (31/64,357/800, 51,320, 87,/160)

N ‘ Evaluating series ‘ method of Macaulay type matrix

0 6822s (1.89 hour) 61399s (about 17 hours)

100 | 138640s (1 day and about 14.5 h) | 73126s(about 20.3 hours)
200 | More than 2 days 84562s (about 23.5 hours)
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(1. Z OEBEEIE D23 2

N=200
A=([1,0,0,1,0,1,0,1,0,1],[0,1,0,1,0,1,0,1,0,1]1, [0,0,1,-1,0,0,0,0,0,01, [0,0,0,0,1,-1,0,0,0,0], [0,0,0,0,0,0
Beta=[452,412,-37,-23,-13,31]

at ([x1,x2,x3,x4,x5,x6,x7,x8,x9,x10]=[140/411,40/137,25/822,31/411,14/411,17/274,17/822,5/137,10/137,29/8:
oohg_native=0, oohg_curl=1
EV([x3])=[48401824047172895382220332055338065321948101264386648720104327220455411642733594253492395373436!
863656998391689243859475296234352137555517730222159221047221525046528456147511166276227650243450974228077:
305750092193523229313167685161576286201466399466487213469381535663734384193880974741829514261324096233334!
344275350822035203131054916726819435165178778325389866000027699548897905993488167196392728277735383730885
/19442228498425155530438424291258885951160065533306378943684005607207680083449525569604031294035766826584:
206368590575510231394395404443601780545808586417609373178438189812637405870280353563181965119049387640350
941772514489533194749781746840208705674606008876031734288671532476200701856516011956451597268538379935874
320906272014298259515698562808086396098869061102204255115706387649155785914644280004302208683409377394435:
9573932056327206030262721912023810463723569352286063413912998077871191506911]

Time=84562.4

N ‘ Evaluating of series ‘ method of Macaulay type matrix
0 6822s (1.89 hour) 61399s (about 17 hours)

100 | 138640s (1 day and about 14.5 h) | 73126s(about 20.3 hours)

200 | More than 2 days 84562s (about 23.5 hours)

Intel Xeon E5-4650 (2.7GHz) with 256G memory, the computer algebra system
Risa/Asir (20140528).
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V7 FU7 L7 | gttds.rr, tk.ds ahg.rr.

[1822] load("gtt_ds.rr");
[2720] gtt_ds.direct_sampler([[4,14,3],[10,6,5]],
[f1,9/10,11/101,[1,13/10,99/100],[1,1,1]11);

= oe W

N
N

] gtt_ds.direct_sampler([[4,14,3],[10,6,5]]1,[[1,9/10,11/10],[1,13/

RN

N
NONNEFE, O WNNDOWO

N
[l S i ST R S i e B 6 B

O b =

t_ds.direct_sampler([[4,14,3],[10,6,5]1],[[1,9/10,11/10],[1,13/

—
(o]
[Ty S T ™ NN N Ty S oy |

L T e T e Y T e Y e O s Y e B e T e B |
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FHEAREL (creative telescoping) 23ARNE 2 7241 fii

[ Za(bi1) @ b 12OV TOMIEAE R 721>

HolonomicFunctions.m (Christopher Kouchan),
https://risc.jku.at/m/christoph-koutschan/ IZ X 5% Z.

((1 4 b1)(1 +2b1)(1 + b1 + by + b3 + ba — bs)(1 + b1 — b2 + b3 — ba + b5))S1
(14 b1+ b3)(1+ 2b1 + 2b3) (b1 — by + b3 — by — bs),

(1+ b2)(1 +2b2)(—1+ by — bo+ bs — bs — bs)(1 + by + bo + bz + bs — bs)S>
(14 b2+ ba)(1 4+ 2b2 + 2bs)(b1 — bo + bs — bs + bs),

(14 b3)(1+2b3)(1 + b1+ by + b3+ ba — bs)(1 + by — bo + b3 — ba + bs5)S3
(14 b1+ b3)(1 4+ 2by + 2b3)(b1 — b2 + bs — bs — bs),

(14 ba)(1 +2b4)(=1+ by — bo + b3 — ba — bs)(1 + b1 + by + bs + by — bs)Sa
(14 b2+ ba)(1 4 2b2 + 2bs) (b1 — by + b3 — by + bs),

(=14 b1 —bo+ b3 — bs — bs)(1+ b1 — by + b3 — ba + bs)Ss

(=b1 — by — b3 — bs + bs)

22T Sif(b;) = f(bi + 1) (b 1DV TDESTEHE).
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https://risc.jku.at/m/christoph-koutschan/

AR RBD R (2 7<) 55 % 2|
HIDOR—Y D 12155 72 D Mathematica ~D AJ].

ann4 = Annihilator[(1/Factorial[ul])*(1/Factorial [u2])*(1/
Factorial [u3])*(1/
Factorial[-bl - b2 - b3 + ul + u2 + b4 + b5])*(1/
Factorial [2*b3 - u2 - u3])*(1/Factorial[2*b2 - ul - u2])*(1/
Factoriall[bl - b2 - b3 + u2 + u3 - b4 + b5])*(1/
Factorial[bl + b2 + b3 - ul - u2 - u3 + b4 - b5])*1, {S[bi],

S[b2], S[b3], S[b4], S[b5], S[ull, S[u2], S[u3]l}]
FindCreativeTelescoping[ann4, {S[ul]l - 1, S[u2] - 1,
S[u3] - 1}, {S[b1], S[b2], S[b3], S[b4]l, S[b5]}]

72 XNV RZIHA % FLD1F % Heuristics (by C.Kouchan)
DIFEEE X T THIER .
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B

MalcHlkD H 5 A‘ = ‘ Direct sampler Z{ED 721>
| Wi{L0 Sk o % G DR |

RIEABCTHEAZ KO 5 AFTE: The book “A= B,
https://www.math.upenn.edu/~wilf/AeqB.html

—

Ia DL 7F =K = MCMC 2MEn s |

A-B%AMT OMi{tNT = [ direct sampler 231 % 8.

1. FFT (HimE%T) Wi=\% 4L, random vector %
BT BT L) RLHMEND.

2. FHERELDFILET Za(B; p) D B 12T oL
W XEE 7 direct sampler 23Ed1 % .

TJST CREST HILF—&ff, 7'L 7' —itith, 2011, Hi7Hik

fcontiguity & HIES

§S.Mano, Partitions, Hypergeometric Systems, and Dirichlet Processes in
Statistics, JSS Research Series in Statistics (2018), Springer
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