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1 Introduction

This paper describes a detailed procedure of finding a system of differential equations
in 4 variables of rank 5 invariant under the Weyl group of type Fg that is announced
in [5]. This system is the uniformizing equation of the complex hyperbolic structure
of the moduli space of marked cubic surfaces found in [1]. It is defined on a Zariski
open subset of C*, which admits a biregular action of the Weyl group of type Fg;
our system is invariant under this action.

We first fix the notation and recall the complex hyperbolic structure on the
moduli space of marked cubic surfaces. The moduli space of marked cubic surfaces,
which we denote by M, is studied for example in [3] and [6]. An important and
famous fact is that M admits a biregular action of the Weyl group of type Fg. Since
any nonsingular cubic surface can be obtained by blowing up the projective plane
P? at six points, it can be represented by a 3 x 6-matrix of which columns give
homogeneous coordinates of the six points. In order to get a smooth cubic surface
from six points, we assume that no three points are collinear and the six points are
not on a conic. On the set of 3 X 6 matrices, we have a canonical action of GL3 on
the left and an action of the group C* on the right. By killing such ambiguity of
coordinates, for every such matrix, we get the representative in the following form:

1 001 1 1
T = 01 0 1 z' 22
00 1 1 2% 2

The cubic surface obtained by blowing up the six points represented by the matrix
x is non-singular if and only if the quantity

D(z) = z'z’2%2% (2" —1)(2* — 1)(:63 —1)(z* = 1)
N
x{alat = 2% (e — 1) — 1) — (= 1)(a = 1)}
x{z'(2? — 1)(1} —1Da* — (2! = a2 (2* = 1)}
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does not vanish. Thus we can identify the moduli space M with the affine open set
{z = (a',...,2") | D(z) # 0}. Note that, though the action of G is biregular on
M, it is birational in terms of z. The corresponding cubic surface C'S(z) C P? is
defined, for example, by the following cubic equation in #,..., ¢4

P(t,z) = ('U'LU2 —uz? + uvz + uwz? — vuw — '1)211)2)t2t?1
—I—(—vw2 —+ uz? + v2w? — u?z? — uv? + u21)>t2t3t4
tuv(v—z—vw—u+w+ uz)(tgt?,) — tft4)

2

—uv(uz2 —wz? —vw? + zw? —uz + Uw)t§t4

+(—'Uw + vz —uvz —uwz + vuw + ’U'LUZ)(tltZ — uvt%tg)

+(—u2v +uv? + vl —uz —wot + vw)tylsty

—{—(—22 + w? + uz? — vw? +v— u)uvt1t2t4

+(—uw 4+ vz — uvz + vuw — v + u)vutilyts = 0,
where, for notational simplicity, we just temporally wrote 2! = u, 22 = v, 2% = w,
=z

Let TC(z) be the triple cover of P? branching along C'S(z); it is a 3-fold in P*
given by ¢34+ P(t,z) = 0. Let ¢ := (5 + P(t,2))*c§2 be a meromorphic 4-form on
v

P*, where ) = Z?ZO(—l)itidto/\- -+ dt; -+ -Adty. This 4-form @ represents an element
of the primitive cohomology group Hg’l(TC(x), C) through the Griffiths-Poincaré
residue map Res:

[ Beso=[ o vemTo).2)

where T'(7) is a tubular neighborhood of 7. Let w be a primitive cubic root of unity,
and put €& = Z[w]. Following is known ([1], [2]):

(i) For a suitable E-basis 71,...,75 of H3(TC(z),Z), the multi-valued period
map

[ M>zr——v(x): - vs(x) € P
where v(z) = f, Res g, has its image in the ball
BY*={vy - 105 € P h(v) = |00 |* = |va|* — -+ — |us]* > 0}
(ii) The projective monodromy group of f is the principal congruence subgroup
'l —w):={geT|g=Tsmod (1 —w)}/center,
with Tevel (1 —w), of the modular group
I':={g e GLs(&) | ‘ghg = h}/center,

where h denotes the matrix representing the hermitian form above. Moreover, the
isomorphism £/(1 — w)€ = F3 (the field with three elements) induces the isomor-
phisms

I/T(1 —w) = {g € GLs(F;3) | ‘ghg = h}/center = G,



which naturally acts on the quotient space B*/T'(1 — w) and is isomorphic to the
Weyl group of type Fs.

(iii) T'(1 —w) is a reflection group; let H be the union of the mirrors (in the ball)
of the reflections. Then f induces the G-equivariant isomorphism

M =5 (B = H)/T(1 —w).

Since the functions v;(z) are defined by the integrals given above, they should
satisfy a system of differential equations defined on M of rank (= dimension of
local solutions at a(ny) generic point) 5. In the following sections, we explain how
we found its explicit form. This system is unknown so far; in the final section,
we see that its restriction to any irreducible component of C* — M is the Appell-
Lauricella hypergeometric system that is the uniformizing differential system for the
configuration space of six points in the projective plane.

The recipe for finding the system is as follows: Since M is covered by the ball
and f is the developing map, f is PG Ls-multi-valued. We apply the Schwarzian
derivatives

SE{fio} = Si(x), igk=1,...4

to the map f with respect to the coordinates = (z',...,2*). Thanks to PG L4
invariance of the Schwarzian derivatives, Sfj(x) are single-valued, and so they are
rational functions with poles only along {D = 0}. The map f can be recovered (up
to multiplying a function) by linearly independent solutions of the system

0*v 4

0

¥ k 157
k=1 ax

where the coefficients S?j are polynomials in Sfj and their derivatives, as given below.
The local behavior and the integrability condition would determine the system F,
since Mostow rigidity does not allow the existence of extra parameters. Instead of

computing directly the integrability condition, we take advantage of the invariance
of F under the action of G on M.

2 Systems of differential equations in n(> 2) vari-
ables of rank n +1

We review basic facts about the system

E,: D;Dju= Z S;}Dku + S?ju (1<i,j,k<n),
%

where D; = 9/dx7; vefer to [7]. This system is of rank at most n+1, and is exactly of
rank n+1 if and only if the coefficients satisfy the following (integrability) condition:

55:5’? 5%:50

Jio Js



DyST 4+ 30 SLST 4 67 8% = DS+ 3 SLST 4 87 SY
i i

where ¢ denotes Kronecker’s symbol. In particular, the coefficients SZQJ- can be ex-
pressed as polynomials in Sfj and their derivatives:

S = —=DrSfi = >S5Sk + DiSE; 4+ 55k
t t

where k # i (recall the assumption n > 2). When these conditions are satisfied, the
system F, is called an integrable system.
Put _
Si=>.5L  (1<i<n).
J

By replacing the unknown u by its product with a non-zero function of x, any inte-
grable system of the form F, can be transformed uniquely into a system satisfying
an additional condition: S; = --- = 5, = 0. The coeflicients are transformed as
follows

1
k k k k
1

—)SiS;

9§ D5+ TN
h
Such systems will be called normal, and can be characterized as systems such that
the Wronskian of any linearly independent solutions is constant. Since we are inter-
ested only in the ratio of linearly independent solutions, we can always assume that
our system is normal.
For a non-degenerate map (Jacobian # 0) = = (z',...,2") — z = (2',...,2"),
the Schwarzian derivatives are defined as

0?zP Oz* 1 0%*27 Oz 0%2P Ot
|3 O _ k - k -
Siitzir} = ; 0202 92> n + 1 (51 pZ; Gai9wi 9zp T qu: D210 azp) ’

1 <1,5,k < n. They have the properties
(1) (projective invariance)
Sfj{Az;:L'} = Sf”}-{z; x} for A€ PGL,y,.

(2)  (connection formula) For a change of coordinates from z to y,

92701 0y
Oyt Oyi Oxr’

Si{zy} = Si{ayt + > S0 {z 2}

Py

(3)  (local behavior along ramifying singularities) If z = z(z) is ramified along
{z' = 0} with exponent «, that is,

2 (z) = (z")', 2Hx) =02 x) = 0", det (g;) = (z')* u,
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where v/(1 < j < n) and u are holomorphic functions not divisible by !, then

Sitzieh, Sid=mad+ 6 (@) 7Sz e,

Jn+l 210

511_7‘{2;;6}, 21 Sk {z; 2}, Sh{zx} - 2ledl

n+1 !

are holomorphic for 2 < 4,7,k < n. (Formulae in [9, p.105] should be corrected
as above. These can be proved by expressing 0z'/0x?, 0?27 /02'0x? and Ox'/0z’ in
terms of v/, u and a, and by substituting these expressions into the definition of the
Schwarzian derivatives. Computation is lengthy but straightforward.)

(4) (relation with differential equations) Given an integrable system F,, of nor-
mal form, let ug, . .., u, be linearly independent solutions of £,,. Then the coefficients
Sfj of K, can be recovered from u as

SZ = SZ]CJ{Z’ x}, where z = (U1/U07 .- -aun/uo)'

Conversely, given a non-degenerate map x — z, put SZI”J = Sfj{z; z} and define S?j
by the integrability condition above, and form a system F, with coefficients Sfj and
SZOJ Then the system is integrable and normal. For any n + 1 linearly independent
solutions ug, ..., u, of E,, the ratios u; /ug,...,u,/uy are projectively related to z.

3 Automorphisms of M

Let us define as in [6] six birational transformations s;,...,s6 in z = (2',...,2%):
1 2 3 4 1 1 z° 2
spi (a2t 2 2%) — PERBCLR R I
1 4 2

52:(x,:v2,;v3,;v4) — ($3,;v,;v1,;v ,

O N QR J 73 24
/1 2 3 4
33.(:1:,30,.7;,.7;) — — 10 )

1 22 1 2*
/1 2 3 4
84.($,$,$,$> — <_7;a_3’_3 3
1 2 3 4 1 4
ss i (x, 2% 2%, 2") — (2%, 2%, 7)),

T 1 1 1
se: (2!, 2% 2% %) — <_1’_2’ﬁ’?>'

If M is regarded as the configuration space of six points in P?, the transformation
s1, for example, corresponds to the interchange of the two points represented by
the first two column vectors of the matrix z. Each s; turns out to be a biregular
involution on M, and they form a group G isomorphic to the Weyl group of type
Fs; relation of the generators are given by the Coxeter graph

Sy — 89 — S3 — S84 — Sj

S6

If M is regarded as the moduli space of cubic surfaces, each transformation s; takes
cubic surfaces to the isomorphic ones but changes linearly their chosen cycles defining



the period map f. Thanks to the projective invariance of the Schwarzian derivatives
(see §2 (1)) our system E with coefficients

Sfj{f,:v} =: Sfj(:c) € C(z',..., 2"

is invariant under the action of (. The invariance under s € G implies

Sh(y) = Si{zyr+ Y Sy (x)

p,g,r=1

oyt Oyi Oz’

where y = sz, because the right-hand side equals Sf“j{f, y} (see §2 (2)), and the left
hand side is the pull-back S*SZ]C](:U) The transformations s = sy,t = s5 and

u==ts: (3;171;27&0371,4) — ($47$37$27$1)

give the identities:

Sth(x) = Sy(te)
Sh(x) = Siy(tx)
5123(-7”) = 5214(“”)
5124(3”) = 5213(“)
S3y(x) = St (tx)
5223(1') = 5114(t$)
5224(1') = 5113(m'>
53?3(1') = Si4(m'>
S3a(x) = Syy(tx)
524(3”) = 53{3(”)

4 Explicit form of the system E

Sti(z) = Sz(s)
S3(x) = Sky(sr)
S8 (x) = Sh(sr)
S5 (x) = Shi(sr)
Sa(w) = Sials7)
533(1') = 5114(5"”)
534(1') = 5214(5"”)
Sia(w) = Sy (s2)
S54(x) = Siy(s)
524@) = 5212(5$)

The explicit form of the system is as follows:

3 (2) = Sky ()
S (x) = Sky(ur)
S (z) = Sty ()
Sih(x) = Sk, ()
Saa(x) = S33(ux)
5513(3”) = 5213('“3”)
5514(3”) = 5113('“3”)
S§3($> = S%Q(ux)
S34(7) = Siy(uz)
524(3”) = 5111(7”/')

The period map (developing map) f : M — B* can be given by five solutions

of the system F with the following coefficients Sfj = Sfj(wl,wz,w‘o’,:c‘l).

Since the

coeflicients Sfj (k =0,2,3,4) can be expressed by S} (see §82 and 3), we list only

S}j.
5213 _ ;vl(xl ; 1>P215 5214 B ;vl(xl -1 P2]4
S§4 = 554($ s X ’$4>7 Si4 =
1 xl(xl - 1)P212
5 = 2?(2? — 1) (2! — 22)(2? — 24)J’
where



—1

P, = 57 Yt = 1) (2" = 2°) (2! — 2?),

P}, = %(3:1 — {222 2% — 2Pt 2? + 2P (2?)? — (2?)?2P2t + (2)?22® — 22%2 2t
St + () — (P ),

P!, = —1{2T47‘2T3T1 2?4 2%(2)? — ()22’ + (2%)aP2® — 22%2%2?

—($4)2w2$1 + ()2 = (%)% (2%)" + 2% (2")"},

(
L 2 1 4/ 4 1 2y(.3 4yl 342
Py, = g(;v —z%)J — 37 (2 = Dat(2* = 1)(a" — 2 (2® — 2 (2" — 2°)?,

-21 -2 1 -1 1 -1 1 ]

Sl = -—4+ - 4+ - 4+ - 4R
H 5$1+5$1—1+15$]—$2+15$1—$3+ 1
21 2 1 1 1 2 1
sl = —— 4 = - S ——
12 15$2+15J:2—1+5$1—J:2+15$2—J:4+ 12
5113 = 5112($17$3a$27$4>7
21 2 1 —2 1 —2 1
I S S T -+
14 ot T — 1  I5a2—at 15—t 10
and (in the following, we again put ' = u,2* = v, 2% = w,2* = 2)
R}l = —(—3w22u + 2wz?v — wvzu — 32%uv + 4v%w? + 2220w + 22300’

—2vw? — %’z + 22%u? + v + 6wiuze? — 6wuziv — 2wu’zv
—62%0%wu + 3v22%w? + 2vztwu — 3wiviu — 2wutz? + 2woutz — Zlow
+viwz — 3zviw? + 32%0%u — 22vw? + zow® — 220w — 22%vu? — VvIw?
—v2w® 4+ 1wvziu — 22%u? — 3v23u + 3uz® + 3uz2w2 — 3uz3w)/15J,
R}Z = (4w22u — 3wvzu + v2w? + 22%0w + viwlz — 32%u? — 22%0°
—wluzv? + 2wtuztv — dwiuzv — 2wuto + 2wiilzo + wruv? — wiu?z?
20%u + dwu’z + w?uv — dwu?z? + wuv
2

3 2 3 2 2
+wuz® — 2uwz — uwv —w

—zv%w? — Z2ow? + 2% —+ zvw? —+ zow® + 2%vu

-|—2,2'3u2 — vw® — duzw? — 2uziw + 22w3u)/15J,
Rh = (—Twvzu — 20202 + 3vuw? — ulvz + 42%u® — 303w + 2wluzo?

2220 — bvzutw — 2wtutze — 20 zutw + dvut 2 + uPo?z — WPoz + 3wlue

2,2

— 02w + 3wiuvz + viuwz

—4dwu‘z 2

u — 6ulvw — wu’z + 6wuw —I— 6o uw + uw?v?

2

+Awuz? + 3udvw — vPwz — 1Tw?v

2, — 3wluv — 3vuw + 1Twou’z — zv*w? — 42%0° — 42%0u

+3vw? + 3v%w® + dwvz?u + u Z)/15J

—4wu?z? + wlu

5 Procedure to get F

5.1 Local behavior of the system FE

Applying (3) in §2 along z° = 0 and z° = 1, we get local behavior of our system E

along these hyperplanes. By making coordinate changes, for example, (2, ..., z%) —
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(xt — 22, 2%, ..., 2%), we get local information of E also along 2 = 2. We tabulate

the local behavior of S}j, since other coefficients can be expressed by these. The
assertion (3) says more; for example,
21

Sh = =T + (holomorphic function along z' = 0),
T

but we do not use such detailed properties. We just need the following tables, where

h denotes a holomorphic function,

o denotes the term holomorphic relative to z*, z* — 1, 2* — a7,

e denotes the term of the form h/z', h/(z' — 1), h/(z* — 29);
more precisely, S|, for example is holomorphic along the divisors z? = 0, 2° = 0,
2 =0,2"-1=0,2°-1=0,2"=1=0, 2° —2* =0, 2? — 2* = 0, and is singular
along the divisors ' = 0, ' =1 =0, ' —2? = 0, and 2" — 2° = 0 so that it behaves
like hy/a' 4 ho/(z' — 1) + h/(a' — 2?) + ha/(a' — 2®) where h; are holomorphic

along the respective divisors.

! x? a3 at e —1 22 —1 23 —-1 2t =1
St e o o o ° 0 0 o
Si, o ° o o o ° o o
Sty o 0 . o o 0 ° o
Si, o o o ° o 0 o °
Sy, wt-h e o o (z! —1)h o o o
Sy ' h o o o (z' —1)h o o o
Syy ' -h o o o (z' —1)h o o o
Sy ' h o ) o (z' —1)h o ) o
Sy ' h o 0 o (z' —1)h o o o
Sy ' -h o o ° (z' = 1)h o o .
bt — z? 3 — 2t b — 23 z? — 2t

St e 0 . 0

St e 0 0 .

Si, o . . 0

Si, o . 0 °

Sy, e o 0 °

S3, o o 0 0

S3, o o 0 °

S3, o . . o

Si4 © ) 0 0

Sis © . 0 °

We express each coeflicient Sfj as a ratio of polynomials:

k _ P[kvivj]

Y Dk iy 5]



The local behavior above allows us to put

D[1,1,1] = a'(z' = 1)(z' — 2?)(a' — 2°)J,
D[1,1,2] = 2*(2*—1)(2* — 2" (2" — 2%)J,
D[1,1,3] = 2°(2® —1)(«® — 2¥)(a" — 2°)J,
D[1,1,4] = 2*a*—1)(2® — 2% (2* — 2*)J,
D[1,2,2] 2 (2® = 1) (2" —2%)(2® — a*)J,
D[1,2,3] = J,
D[1,2,4] = (2*—a*")J,
D[1,3,3] = 2°(2® —1)(«® — Y (2" — 2°)J,
D[1,3,4] = (2°—2")J,
D[1,4,4] = a*(a*—1)(a® — 2% (2® — 2")J,
D[1,i,j] = DI1,j.il.
where .J is defined in §4, and
[]7]?]] = Plllv []7 ) ] P1]27 P[17]’3]2P1137 [] 1 4]—P1147
P[1,2,2] = a'(a' — 1)P22, P[1,2,3] = z'(2' — 1) Py,
P[1,2,4] = z'(z' —1)P),, P[1,3,3] =a'(z" —1)Pg,
P[1,3,4] = z'(z' =1)P},, P[1,4,4]=2za'(z"-1)P,,,
Bl1irj] = P[1,.i]

where sz are polynomials. Note that since (G acts on the fifteen divisors defined by

D=J'—2%)(a' —2%)(2® — 24)(2® — 2* H

j=1

_])

transitively, the denominators of the coefficients should have the factor .J.

5.2 Relations coming out of the symmetry relative to G

As is explained in §3, our system is invariant under the action of (. For the elements
g, and s5, we got 2-term relations (see §3). In general, put

dzP Ozt Oy*
k . _ r
Sidxsy} > Spq() dy’ Dyl da”’

that should be zero for all m, k, ¢, j, where y = s,,(z), m =1,...,
transforms. For example,

R[makaiaj] = Szkj(y> -

6, denote the

-

1 1 23 =z

1 _7_7_)

1 x2’ pl’ 2

R[L,1,1,1] = 5(«")(«?)° (2! — 2®) (2'a* — 2%2®) P} (

+4 (2t = 1) (a8 = a?) (2 = 1) (#® = 2?) (=2 + 2% + 2ta? + 2 — 2! — 2%
x (z'z? 4 212P2? — piala? — 2%® — 2ttt 4 2¥2'e?) (2 - 2%) (a'at - 2%a)
+5 (¢ = 1) (" = a*) Py + 10 (a" = 1) (2" —2?) P},

+50° (a1 = 1) (2" = 2%) P,



where PZ-’;- = Pi];-(xl,xQ,xB,;c‘l). This gives a 4-term relation R[1,1,1,1] = 0. A
computation yields several 2-term, 3-term, and 4-term relations, the list of these is

given in the appendix.

5.3 Bounds of degrees of the numerators

The 2-term relations and 3-term relations give bounds on degrees of PZ]; Write
PZ-];- =3 apgrs(')P(2?)?(2*)"(2*)*. Then the maximum possible values of p, ¢, r, and
s derived from each transformation are as follows.

kij s6 sl and s3 s4
P 9 ¥ s ptr qts ptq r+s

111 6 4 4 3 7 5 7 5
112 4 6 3 4 5 7 7 5
113 4 3 6 4 7 5 5 7
114 3 4 4 6 5 7 5 7
122 3 4 3 4 4 6 5 5
123 2 1 1 3 2 3 2 3
124 2 2 3 2 3 3 3 4
133 3 3 4 4 5 5 4 6
134 2 2 3 2 3 4 3 3
144 2 4 4 4 4 6 4 6

Let us see how to get the values above for the case (k,i,7) = (1,2,3). First,
noting that the first term of R[1, 1,2, 3] must be a polynomial, we get the bounds
p+r < 2and g+s < 3; the relation R[3, 1,2, 3] = 0 gives the same bounds. Next, look
at, say, R[4,1,2,3], which shows the bound p+ ¢ < 2 and r + s < 3. The relation
R[6,1,2,3] = 0 shows p < 2, ¢ < 1,r <1, and s < 3. For the remaining cases
(k,1,7), it is enough to examine the expressions R[1, k.1, j], R[3, k, 1, ], R[4, k.1, 7],
and R[6, k, 1, j].

5.4 Solving the relations I

Among these relations, we first solve the 3-term relations to get expressions of
P),, P}, etc. in terms of Pl,, P/, etc. In the following list, read “ kij —
rpq [abcd] XX” as PZ-];- can be written in terms of P} using the relation R[a, b, ¢, d] =
0 and the expression obtained is named XX.

kij rpq [abcd] XX
124 ---> 113 [4224] E1

---> 123 [4123] E3
133 ---> 111 [1333] Al
134 ---> 112 [1334] B1

10



--=> 114 [1114] B3

---> 114 [3323] B4
---> 123 [1123] B5
---> 123 [3314] B6
144 ---> 124 [1124] C3

The expressions XX and the two new expressions B3B4 :=B3-B4 and B5B6:=B5-B6
are listed below.

Notation. From now on, for notational simplicity, we write x1, z,... in place of
a', 2% ..., (so 2} stands for (z;)?) and as before Pz-l;- for P£($1,$2,$3,$4).
7.5
T3 T1 To 1 x4 1
El = — P113(_a_a_’_)
Tal9 (.’E4 — 1) ($3 — LC4> ($1 — 1) 1 1 X3 I3
1

Pl
T4ty (24 — 1) (25 — 24) (21 — 1) 13(€2, 21, T4, 23),
E (:02 — ;c4)

I]2$33 (ZU]$4 — $2$3> 1 ZT9 1 Ty

E3 = 7P213+ P213(_7_7_7_>7
Ty Ty 1 1 T3 I3
7.5
Ty T 1 ,r3 xg 101 1 .
M o= 172 prZB A P
s (xl — 1) 11(I15 $2’ $1’ 79 s (efl — 1) 11<$35$4a$1a$2>a
Bl — _ a1y P112(E7E’i’i)
a3 (LC4 — 1) (.1'2 — .174) (.fCl — 1) T1 L9 T1 T2
1
P} :
+$4$3 ($4 — 1) ($2 — .I4> (.731 _ 1) 12($3a$4a$17 t?)a
1
B3 = — P!
T4T3 ($4 — 1) ($2 — $4) («Tl - 1) 1
g 2, P (1_ R 2
T4T3 <$4—1> ($2—I4> (.f] - 1) 14 .’E]’.IQ’ZU]’ZUQ ’
1
B4 = — P!
T1X4 ($4 — 1) (.7;3 — 1) (.:CQ — $4) 14
(,TQ — 1)7 (.Il — 1)5 1 < T i) 1 — T3 T — $4>
+ P 3 3 3 )
311134(334—])(1’3—1)(.732—.714) .731—] .7,'2—1 .731—] .'112—]
Ty — — 1
B5 = _'IQ <,E3 $4>P213+ e <,Elx4 $2$3>P213(_7_7E72 ”
T4 Ty 1 To T To
BG — _($3 - $4) (.7;2 - 1>P213
T4 —1
_(-Tz - ])3 (1 — 1)2 (—xq+ 29 + 2124 + 23 — 11 — TyT3)
Ta —1
1 T ) T1 — T3 L9 — T4
P23 < 3 ) 3 ) 3
.fCl—lLL'Q—l .’1,'1—1 .1'2—1
C3 = —XT9 (.'114— ])(733—'114) P214
11 z3 2
—-7313 (3”2 - -7?4) $23 (-701-7”4 - l’ﬂs) P214(;v_1’ :v_g’ l._jv m_;l )
B3B4 = (.734 — ])(732 — .734)(.’111 — JJ3>P114
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H(wa = 1wy = wa)aiai(ws — DPL(— —, —, =)

( T T9 X1 — I3 .T2—£C4)
Ty — 1 ZT9 — 1 Ty — 1 Ty — 1
1 1
B5B6 = (73— 24)(x2 — 24)Pys + 2i23 (24 — 1) (2124 — 2973) Py (— E E)
.’L'l T2 T, T9
+a4(zy — 1) (21 — 1) (—24 + 2o+ 124 + 23 — 21 — T273)
T T2 T1 — T3z T — T4
Pys(

—1’$2—1’$1—1’$2—1>.

—($4 — 1)($2 — $4)$3($2 - 1)7($1 - 1)6P114

We need another expression of C3: insert the expression E3 into C3 and denote
this expression by C3r:

C3r — T3 (LC4 — 1) ($3 — .’E4) (xg — $4>P213
Ta
_x233;121;3 (x4 — 1) (22 — x4) (x124 — $2$3)P1 (i 1 a3 a4
Ty 3 .’1,'175627.1'17:62
Cwari’ws” (w4 = 1) (23 — @4) (w174 — 302303)]31 (L T 1 24
L4 ® 1'171'171'371'3
$23$33 (.1'3 — .fC4) (:Cz — ,IC4) ($1$4 — $2$3)P21,3($1’ .ICl’ ﬂ T1T4

1313304 ) l‘s ToX3

As a result, C3 and C3r give an expression of P}, in terms of Py,.

We next insert expressions obtained above into the 2-term relations; then we get
new relations without terms P,,, Pi;, PJ,, P},. Among such relations, we need the
following expression B6134 of R[6, 1,3, 4], in which PJ, is replaced by B3:

B6134 = To L1 (.1'4 — 1) (CEQ — .1'4) (.fCl — 1) $46$34P114($17 T, 2 2)

9
T3 T4

—$13$24 (.fC4 — 1) (.ZL'Q — £E4) (.1'1 — 1) P114
itz (24— 1) (29 — 24) (21 = 1) Ply(—, —, —, =)

1 1 1 1
—.T]6£U34£C283346 (.f4 — 1) <£U2 — $4) (.’E] — 1) P114(—, —, — —>

T T2 $3 L4

5.5 Solving the relations 11

Actual forms of Pf; can be found along the following procedures. The expression

11 1 1
R[6,1,2,3] = 2,04 2025 Pyy(—, —, —, —) + Py

r1 Ty T3z T4
and the bounds of degrees show that P,; has the form
2 ) e e e e o2 ey e 2
51001($1334 — T1T2T374 ) + 51002(1114 - 111L213£4) + b2001(»L1 Tg — Tol3T4 )

+bzooz(($1$4)2 - $2$3$4) + 61101($1$2$4 - $1$3$42) + 51102($1$2$42 - $1$3$4)-

12



Insert this expression into the identity BEB6= 0 and let all coefficients be zero: then,
we get
P2]3 = C1 $4($4 — 1)(11 — :L'g)(.fl — .fg),
where ¢; is a constant. The expression E3 gives
Pl = e {—ay(zs— a0)(zs— (a1 - 23)(o1 - 73)
—($1$4 — $2$3)($3 — .’1,'4)(.1'2 — 1)(.1'1 — $3)}
The expression B5 gives
Py = o - {—za(ws — za) (24 — 1) (21 — 22)(21 — 23)
—($1$4 — $2$3)($2 — $4)($1 — xg)(,fg — 1)}

The expression C3r gives

P414 = (- ( — 1;2(1;4 — 1)(1}3 — 1:4){—$3(x2 — $4)($4 — 1)($1 — xg)(l‘l — J;g)
—(z124 — wax3) (w3 — 24) (22 — 1) (27 — w3)}
—(1/x13)$23($2 — $4)($1;v4 — ;vgxg)
x{—2371% (24 — 1) (22 — 24) (21 — 29) (23 — 1) /25"
—(.7:3 — .164)3613(3:1.164 — .732.733><.732 — 1)(.163 — 1)/3:23}).
Then we can solve R[4,2,3,4] = 0 to get Ps; and R[3,1,2,4] = 0 to get P,,. We see

that ng = P212('r17$37$27$4>'

Next, a look at symmetry shows that P/, has the form

4 4 6
B 1. i k. om
§ E § GijkmT1 T2 T3 Tgq

/=0 k=0 m=0

-

Il
=]
B

k3

where 1 + k < 5, 74+ m
the equations
B3B4=0, R[6,1,1,4]=0, R[4,1,1,4] =0, B6134=0.

Then, we see that every coefficient can be written in terms of

IN

7,14+ 7 <5,and k 4+ m < 7. Insert this expression into

¢1:= =T7/5 —dazme and ¢y 1= azome.

Now, from identities for P)s, Py, Py, Ply, P)y, Pas, P4, we can determine P, Pl5, P},.
The identities we need are
S[1,3,1,4] = 0 for P},
S[4,2,1,4) = 0 for P\,
s[1,3,1,3] = 0 for P/,

where

s[1,3,1,4] = R[1,3,1,4] with P}, replaced by B1,
S[4,2,1,4] = R[4,2,1,4] with P,, replaced by E1,
s[1,3,1,3] = R[1,3,1,3] with P}, replaced by A1.

13



Explicit expressions are the following:

1 1
S[1,3,1,4] = =P, + 2,72,  PL(Z2, 14— )
T1 Tg 1 T2
r3 x4 1 1
—$12$23$4 (-734 - 1) (302 - -7?4> (-Tl - -Ts) (-Tl Tqg — T2 -753) P2]3($_j’7 x—;ly 117_17 :C_z
— T T4 (.’134 — 1) ($3 — 1) (LCg — $4> (.IQ — I4) P213(l'3, Lg,T1, Ig),
9 1 T4 1
s[4,2,1,4] = — 114 + *7515$37P113(x_1’ LL'_1’ 53_3’ 50_3)

—T1 T4 (304 - 1) (153 - 504) ($2 - 1) ($2 - 154) P213($2, L1,Tq, st)a
2
s[1,3,1,3] = E (1 — 1) (z1 —22) (z3 — 1) (25 — x4)

X (—xa+ 29+ x1 34 + 5 — 1 — T2 T3)
X (2124 + 242329 — Ty Ty Ty — Ty Ty — T4 X321 + T3 ) (1 — x3) (21 24 — T2 23)
— (21 = 1) (21 — 22) P113
T3 X4 1 1

+z, 2y’ (21 = 1) (21 = 22) Py (=, =, —, —)

Y
T1 T2 T1 T2

+$17$25 ($1 — $3) (.rl T4 — To .rg) ]—7113(36—17 $—27 x_17 x_2>

+ ($3 - 1) (I3 - $4) P113($3, L4, 1, ‘TQ)'

In this way, we can determine PZ-];- up to the constant ¢,. Insert these expressions
into all the relations R[m, k.1, j] = 0; then we find that

4 + 15C2 =0
is necessary and sufficient.

Remark. We required only part of the local behavior; especially, we did not give
the exponents in advance. Under the invariance under (&, the equation is uniquely
determined, so are the exponents.

5.6 Integrability

Since we know a priori the existence of a system giving the developing map f, and
that this system is invariant under (7, the system K with the coefficients we found in
this section must be the very equation we are looking for. So F must be integrable.
However, the authors are afraid that the chain of logic is too long to let the readers
believe. It is thus worthwhile to check the integrability condition given in §2 directly;
indeed, the system is integrable.

6 Restriction of £ along singular loci

It is known that the configuration space of six points in the projective line P! can be
uniformized by the 3-ball, in several ways, with the Appell-Lauricella hypergeometric
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system Fp(a;by, by, bs; ¢), defined below, as the uniformizing equation (see e.g. [8]).
The most symmetric uniformization comes from the family of curves

1= s(s = 1)(s —y")(s —5°)(s — 4*),

and the uniformizing equation is Fp(2/3;1/3,1/3,1/3;4/3). Note that this family
admits the action of the symmetry group of degree 6 which permutes the six points
{0, 1,4, y% y®, o0}

On the other hand, the hypersurface of C*, defined by the factor

.r](mQ — ])(Tg — ]).7:4 — (xl — 1);02303(304 —1)

of D(z), represents six points lying on a conic. Since any non-singular conic is
isomorphic to P!, this locus identifies with the configuration space above. Recalling
that every singular locus is equivalent under the action of the group GG and that
the isotropy subgroup of G with respect to any singular locus is isomorphic to the
symmetric group of degree 6, we can naturally expect that the restriction of £ along

any singular locus is equivalent to Fp(2/3;1/3,1/3,1/3;4/3).
The system Ep(a; by, by, bs; ¢) is defined to be

0%z —{Z brxy n (a—l—by;—l—l):vi—c} 0z

Oz oy zi(xt — ah) izt — 1) ot
+b'z zk(zb - 1) 0z B ab;
! oy ri(zt — 1)(2f — zk) dzk  2i(2t — 1)
822 b]' 82 bZ 82 . .
= — R — - f ' )
ozt0x? xt — ad Qaxt at — ad Qad or i#]

This is the system satisfied by the Appell-Lauricella hypergeometric series defined
by

FD(CL; blab25b3; C|y17y27y3> =
i (a,mq + mg + m3)(by, my)(by, my)(bs, ms)

1 m1 2 mo 3 msa
(C7 my + mg + ms)mllmglm3! (y ) (y ) (y ) ’

m1,m2,m3=0

where (a,n) =ala+1)---(a +n —1). (For more details, see [7].)
Without loss of generality, we restrict our system E to the divisor {z* = 0}. We
express solutions v of F as

v = ($4)A(w(.r1, IZ; xS) + wl(xlv Izv IS)x4 + - )

and find the exponent A and the system of differential equations satisfied by w.
First, substituting the above expression into

0*v/(0z")? = S4,00/ 02" + S5,0v]0x* + S3,00/0x° + Si,0v/0z* + Siyv,

and using the fact
2 14

(1.4524”9”4:0 = _g ((x4>2824)|x4:0 = _ﬁ
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and that the orders of S},, S%,, and S5, relative to * are equal to —1, we get the
equation

2. 14
MA=1) = —2A - oo

This yields A = 2/15 or A = 7/15,
Next, substituting the above expression into
0%/02' 9" = §1,00/02" + 52,00 /02% + S3,9v/0x* + S1.0v /0w + SO,
and using the fact 52, 52, and %, have no poles along #* = 0, we have
ANow [0z = (2*5],)|si—00w/dx' + XS}, |si—ow + (2% S7y) [ s1—ow.

Since we can see (2*5],)|z1=0 = 2/15 and (2*57,)|z1=0 = —2/15574|z4=0, we conclude
that A = 2/15, which we now assume in the following. We get the same condition
for the remaining cases for 0%v/dz*0x* and 0*v/dx*dx*.

For each 1 <1,5 < 3, the equation has the form

3

(z)}0%w )0z 02’ = (Z Sfjaw/axk + AStw/x* 4+ S?jw) (z*)*4(higher terms relative to z*).
k=1
Since S?j is divisible by z*, we see that w satisfies the equation
. . 3
Pw/dz'dx) = Ti];-aw/axk + Tow,
k=1

where

T;; = S;Cj|x4:0, TZ(; = )\(S;l./;p4>|x4:0 + S?j|x4:0'

J

The denominators of the coefficients T can be factored and the factors are seen to

ij
be z', 2%, 2, 2' — 1, 22 — 1, 2° — 1, 2' — 2%, 2' — 2°, and 2' + 2?%2% — 2% — 27,

On the other hand, consider the six points {0, 00, 1,y', y* y*} in the projective
line, which we represent by the matrix

Through the Veronese embedding of the line into the projective plane, these six
points can be seen as six points on a conic, which we represent by the matrix

1 01 1 1 1
0 1 1 (y1>2 (y2>2 (y3>2
0 0 1 yl y2 y3

Under the left GGLs-action, this is equivalent to

1 0 0 1—q' 1 —y? 1—y
010 (W)2—-y" W)P-v" W)P-v¢
0 O 1 yl y2 y3
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Now we recall the fact (cf. [6]) that the involution

o (T) — (=)
Lz
exchanges the divisor representing six points on a conic and the divisor representing
six points that the 4th, 5th and 6th points are collinear. Since the 1st, 2nd and
6th points are collinear on the divisor {z* = 0}, we apply, to the matrix above, the
involution # and then exchange the 1st (resp. 2nd) column and the 4th (resp. 5th)

column, and finally, using again the left GG Ls-action, we get

1 001 1 1
0.1 01 y'/y" (v —y)/(y"—y")
001 1 1/y 0
So, we now introduce new coordinates (y',y?, y*) by
1 1 3
) y -y .
$1:$7 @ = y? — g3’ ¥ =1/y% e,
1_3131 2_1 3_(3”1_3”2)
ST Yoo 4 o231 - 22)’

Furthermore, let u be the new unknown obtained by multiplying the factor

(W' (y" = Dy = Dy(s® — D) (W0 % (g7 = )5y — y?) oy - )
to the old unknown w. Then, we can see that the system relative to the un-

known u and the coordinates y* is identical with the system of Appell-Lauricella

FEp(2/3;1/3,1/3,1/3;4/3) in three variables.
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Appendix: List of relations R[m, k, 1, j]

The following is the list of the relations R[m, k,i,j] = 0; for simplicity, we
list the expressions of R[m,k,,7]. Due to consideration of symmetry, the expres-
sions R[1,2,1,7], R[1,4,1, 7], R[3,2,1, 7], R[3, 4,1, 7], R[4, 3,14, 7], R[4,4, 1, ], R[6,2,1, j],
R[6,3,7, 7], and R[6,4,1, j] are omitted. Always P% stands for P& (ll,.LQ,.L3,.L4)

(¥

1 1 T3 T4
R[la 17 17 1] = 5%17$25 (5171 - 553) ($1$4 — .’E2$3) Pll(a E E x_Q
4 (z1 = 1) (21 —22) (23 — 1) (w3 — 24) (—Ta + 22 + 2124 + T3 — 21 — T273)
. (m1$4 + 242309 — T4 1To — XT3 — T4T3T1 + 1‘3;213;2) (g;l — mS) (1'1.’,64 _ 1'21'3)

+5 (23 — 1) (23 — 24) Py +10 (21 = 1) (21 — 29) Py + 5za (21 — 1)7 (21 — 22) Py
R[1,1,1,2] = 51wy’ (zg — z4) (124 — T223) P112(ml] 3012 z? 2;1
+ =3 (@2 — 1) (24 = 1) (21 — 22) (23 — 24) (=24 + 2o + 2124 + 23 — T1 — T223)
(2124 + 242372 — T4T1Tg — ToT3 — TaT3Ty + T3T122) (T2 — x4) (2124 — T223)
+5 (24 — 1) (23 = 24) Ply + 5 (20 = 1) (21 — 29) Pl
+52322 (T4 — 1) (22 — 1) (22 — 4) (21 — 1) (21 — 22) (v3 — z4) Py

+5$4$3 ($4 — 1) (mg — 1) ($2 — $4) (ml — 1) (ml — mg) P3}4
: 1 1 T3 T4
R[1,1,1,3] = 225" P113(m—1 Tt g) — Ply— 23 (21 = 1) Pyy
1 1 z3 2
R, 1,1,4] = 2:°2y Ply(—, —, =2, =) = Ply = 2423 (24 — 1) (32 — 24) (21 — 1) P,
1 Ty T1 T2

R[1,1,2,2] = —2125° (22 — 24) (2124 — 2023) leg(a, 2351 g
+$2 Ty — 1) (.f'g — 334) P212 + 2%2234 (CCQ — 1) (QE] — xg) (334 — 1) (ZE'; — £C4) P214

(
+aa (22 = 1) (21 — 22) Py
2.3 1 1 1 T3 T4 1 1
R[l’ ]’2’3] i (m1m4 - m2m3) P23(_7 R _) — X2 (CL'3 - m4) P23 — .’E4P34
1 Ty T1 T
1 1 T3 T4
R[1,1,2,4] = —21%2,> (23 — 24) (2124 — 2223) P24(x—17 2 71 2o
—z9 (24 — 1) (x3 — 24) P}y — P}y
1 1 23 2
- 5 e A
R[1,1,3,3] = —21 w2 ng(xl 25 71’ $2)+P33
1 1 T3 1
R[1517374] —T1 .’172 P34(E E E E) _I_P34

1 1 T3 T4
R(1,1,4,4|= — bpl(— — =2 =2
[a [ ] (a1 :EQ 44(:61 CCQ T x2
r3 x4 1 1
R[l, 3, 1, 1] = —$15$25 (acl — $3)2 ($1$4 - $2$3) P?}P)(xf’ x;l E, E
+ (23— 1) (23 — 24) Pl +2 (21 = 29) (21 = 1) Ply + 25 (21 = 1)% (21 — 22) Py
R ('T3 - 1)2 ($3 - 'T4) P3}3($3, Lg,T1, xQ) -2 ('T3 - 1) ('T3 - $4) P113(.T3, Lg,T1, 'TQ)

— (21— 23) (z1 — 1) P!y (23, 24, 21, 72)
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R[1,3,1,2] = (z4 = 1) (23 — z4) Ply + (22 = 1) (21 — 22) Ply(21, 22, 23, 24)

+£L'13.’E24 (.’E4 — 1) (TZ — 1) (CI‘Q — .’E4) (Tl — .’E3) (Tl.’E4 — T2T3) P314(/—, — ; —)
T $2 .fl 9

tzozs (24 — 1) (22 — 1) (22 — 24) (21 — 1) (21 — 22) (23 — 24) Pys

taaza (24— 1) (22 — 1) (22 — 24) (21 — 1) (21 — 22) Py

trzi29 (24— 1) (25— 1) (23 — 24) (22 — 1) (22 — 24) P3}4(:v3, T4, T1,T2)

taizq (24— 1) (23— 1) (23 — 24) (2 — 1) (2 — 24) (1 — z2) P213(w3, T4, T1,22)
— (24 — 1) (23 — 24) Ply(z3, 24,21, 72) — (29 — 1) (21 — 29) Ply(x3, 24, 21, 79)

R[1,3,1,3] = 5z; z5° (z1 — z3) (z124 — T223) P1]3(§—?, i—;l, zil’ w_lg
z1— 1) (z1 —22) (23 — 1) (x3 — 24) (—2a + 22+ 124 + 23 — 21 — T223)
T1T4 + T4T3To — T4T1Tg — ToTs — TaTaTy + T3T122) (1 — 23) (2124 — 2223)
Ty — )(ml—mz)P13—5m3(m1—1) (ml_mZ)Ps?,

23— 1) (23 — 24) Pl3(23, 24,21, 9) + 5 (21 — 1) (21 — ) P}, (3, 24, 71, T2)

3 x4 1 1
R[l, 37 174] = _$125E235E4 ($4 - 1) (.’EQ - .’E4) (.’El — 163) (,’E1$4 — .’E2$3) P213(_3 el ——

+2

AAA,—\

+5 (z

—Ply —zaz3 (vg = 1) (29 — 24) (21 = 1) Piy

—z124 (24 — 1) (23 — 1) (23 — 24) (22 — 24) Pjs(3, 24, 21, 79) + Ply(23, 24, 21, 72)
T3 T4 1 1

R[1,3,2,2] = —21"2:°% (22 — 24) (21 — 23) (v124 — 2273) P‘L‘(ml Pl

+ag (24— 1) (23— @4) (21 = 1) Py + 24 (22— 1) (21 = 1) (21 — 22) Pay

+2z924 (29 — 1) (21 — 1) (21 — acg) (24 — 1) (23 — 24) Pyy

—29 (24 — 1) (23 — 1) (23 — 24) Piy(23, 74, 21, T2)

—2x9xy4 (x4 — 1) (25— 1) (23 — 3“4) (xg — 1) (21 — 29) Ply(23, 24,21, 79)

—z4 (23 — 1) (z2 — 1) (21 — 29) Pyy(3, 24, 21, T9)

3 4 1 1
R[1,3,2,3] = ba:1°z2” (22 — 24) (z124 — T223) PM(; x;l o :v_g)
=3(ze—1)(za—1) (21 —22) (x3 — 24) (—2a+ 22 + 2124 + 23 — 21 — T273)
(2124 F T4T3Ty — 24Ty — Tol3 — T4T3T1 + T3T1T2) (124 — ToT3) (T2 — T4)
—bz3zy (24 — 1) (22 — 1) (22 — 24) (z1 — 1) (21 — 22) (23 — 74) Pyy
—Baazz (24 — 1) (29 — 1) (29 — 24) (21 — 1) (21 — 29) Py
+5 (x4 — 1) (x3 — 24) P114($3, Ta,21,22) + 5 (22 — 1) (z1 — 22) P112(w3, Tq, %1, T2)
r3 x4 1 1

R[l, 3, 2,4] = —1'13.’,323 (1'2 — 1'4) (CL'I — 1'3) (T1T4 — T2$3) P24(‘r—1 ‘r—z m—l x—2)
—o (24 — 1) (w3 = 24) (21 = 1) Py + (1 = 21) Pyy
+x9 (£U4 - 1) (.f-g - 1) ( - £U4) P214(£C3,$4, T1, IZ) + (£U3 - 1)P22(£C3,$4, T1, IZ)
r3 x4 1 1
R[l, 33 373] = m17m25P111(_3a _47 R _) + 73 (‘rl - 1) P?}S - Plll

1 T2 T1 I3

7os5p1 ¥ Ta 101 1 1
R[1,3,3,4]:$2 1 Pl?(_’_ — —)+$4$3 ($4—1) ($2—$4) (ml—l) P34—P12
1 T2 T1 I3

_ 4.6 13 oxg 101 1 1
R[1,3,4,4] = —21%2:" (21 —23) Ppo(— —, — —) + (@1 — )Py + (1 — 23) Py,

Z1 .TQ 1 T2
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L1 — T3 T2 — T4 L3 L4
)

R[3,1,1,1]= — (24 — 1)° (23— 1)" P}, (

)

1—z3 1—«T47x3_1’x4_1
+Ply = 23 (=1 + 21) Ply(e3, 24,21, 72)

R[3,1,172]:—($4_1)7(x3_1)5P112(5E1—$3 To — T4 T3 T4

)

1—%37 1—$4 7$3—1’$4—1
+Ply + zows (=14 22) (z2 — 24) (=1 + z1) Py(as, 24, 21, 22)
R[S, 1, 1,3] = -5 ($4 — 1)5 (;fg — 1)7 (acl — ;rg) ($1$4 — I + T3 — T9ox3 + T — $4)
1 — T3z Ty — Ty I3 T4
Pl )

+223 (23 — 24) 1 (174 — 2o23) (21 — 29)

1—:637 1—.T4’.T3—1’.T4—1

(—rarig — 2ox3 + 1Ty — 232471 + T1T223 + T4T2T3)
(2 —2g) (z124 — 21 4+ 23 — Tox3 + T2 — T4)
+5z3 (23 — x4) P}, + 514 (z1 — x2) Py
—523% (23 — 24) (=1 + 21) Pis(3, 24, 21, 79) — b3 (23 — 24) Pls(23, 24, 21, 22)
R[3,1,1,4] = =5 (24 — 1)7 (z3 — 1)5 (2 — z4) (124 — 21 + 23 — T223 + T2 — T4)
T1— T3 To—T T T
Pl 11— ac33’ 12— :v44’ Zs i 17 24 j 1)
=324 (23 — 24) 22 (2124 — To23) (21 — 22)
(—zaziae — 22wz + T1T4 — T3T4T1 + T12223 + T4T223)
(xg — z4) (T124 — 21 + B3 — oy + Ty — T4)
+5 (23 — 24) 24Py + 52g (21 — 22) Py
+5232974 (—1 4 ) (22 — 24) (23 — 24) (=1 + 21) Piy(23, 24, 21, 22)
+hxszoms (24 — 1) (22 — 24) (=14 z1) (21 — 22) (23 — 24) P213(:v3, Ta,T1,%2)

xr1 — T ro — T xXr xz
R[3,1,2,2] = — (24 — 1)% (23 — 1)* (21 — 23) Pl(-——, 22— =2 =

1l—23 1 —124 ’:C3—1’934—1)
+a1 Py, — 23 Py
R[g, 1,2,3] = —I9 (£C4 - 1)3 (—1 -|- £CQ) (.TQ - £C4) (ng - 1)2 (iCl - wg)

1 — T3 Ty — T4 z3 T4

)

1
'(301374—:61+$3—$2$3+$2—$4)P23(1 o 1—2. 2 1'%z 1
— 23 — T4 T3z — 4—

-|—P112 -|— 19 (—1 -|— .IQ) (.TQ - $4) (.Tl - £CQ) (.Tg - 1) P213
2923 (=1 + 22) (22 — 24) (=1 + 1) Piy(@3, 24, 21, 22) — Ply(23, 24, 21, 22)
R[3, ],2,4] = (1'4 — 1)3 (1'3 — 1)3 (.’Ez — 1'4) (.’,El — 1'3) (.’Ell'4 — 2 -I- I3 — T3 + g — .’174)

1 — X3 To2 — T4 T3 T4
Py )

1—%3’ 1—$4 ’$3—1’$4—1
1 1
+21 Py + 2129 (24 — 1) (21 — 22) Poy
—23 Py (23, 24, 21, T2) — 2223 (24 — 1) (21 — 22) Poy(23, T4, 71, 9)
R[g, 1, 3,3] = — (.T4 — 1)5 ($3 — 1)5 (,Tl — wg)z (.T1$4 — 1+ a3 — Tox3 + o — .T4)
T1 — T3 To — T4 T3 T4
Pl
33( 1—$3’ 1—334 ’$3—1’$4—1)
-I-CCg (.Tg - $4) Plll -|— 2,771 (,Tl - .TQ) P113 -|— ,T12 (.Tg - 1) (.Tl - £CQ) P3}3
—3” (=14 21) (23 — 24) Pyy(3, 24, 71, 72)

—2u3 (23 — 24) Ply(as, 1, 01, 22) — 21 (21 — 22) P (23, 24, 71, 22)
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R[g, 1, 3,4] = T9T4 (£C4 - 1)4 (.Tg - 1)3 (iCQ - .T4) (iCl - .Tg) (£61$4 — T -|— r3 — Tox3 -|- 9 — $4)
T1— T3 To — T4 T3 T4
Py )

l—a3 ' 1—24 '25—1"24—1
+ (23 — x4) T4 Ply + 22 (21 — x9) Py
Faamizo (=14 29) (29 — 24) (23 — 1) (23 — 24) (21 — 22) Pyy
tzi2924 (24— 1) (22 — 24) (21 — 22) (23 — 1) Pay
(22 — z4) (=1 + 1) (23 — 24) Pyg(23, 24, 21, 22)
Ty — 24) (=1 4 21) (21 — 29) (23 — 24) Pya(23, 24, 21, 22)
T3, T4, T1,T2) — T2 (T1 — T2) P112($3, T4, %1, T2)
R[3,1,4,4] = — (24 — 1)6 (z3 — 1)4 (2 — 24) (x1 — 23) (T124 — 21 + 25 — 2223 + T2 — T4)
Ty — T3 Tg— T4 T3 on
-P414( l—z3' 1—x4 ’$3—1’$4—1)

tz124 (=14 22) (3 — 74) Pjy + 2221 (24 — 1) (21 — 22) Pyy

+2z12024 (24 — 1) (=1 + 22) (21 — 22) (23 — 24) Py,

—2324 (—1 4 23) (23 — 24) Pi4(m3, Ta,T1,%2)

—2x3xomq (x4 — 1) (=14 22) (x1 — 22) (x3 — 4) P214($3, T4, %1, T2)

—2973 (24 — 1) (21 — 29) Ppy(23, 74,21, 72)
R[3,3,1,1] = Piy(v3, 24, 71, 22)

_ -1 5 -1 5P1
(za—1)" (x5 = 1) 33($3_17x4_171_$3,1_$4
R[3337 172] = —P314(m3,m4,m1,m2)
_ _14 _1'3P1
(04 = 1)" (2 — 1) Pl T DT T o,
R’[3337 173] =173 (_1 + 1'1) P313(m3,m4,.7;1,m2) + P113('r37‘7’.47m17m2)
_ 1) _ 1) pL T3 Ty T1 — T3 Ty — T4
(04 = 1)7 (2 = 1)7 PR, T DT T o,
R[3337 174] = (] - .’,Ez)P314(.’,E3,LE4,.’E1,CL'2) - (1'4 - 1) (ml - mZ) P213(£L'3,l'4,$1,£1)2)
+ (24— 1) (23 = 1)* (2124 — 21 + 3 — D223 + T2 — 74)
3 T4 1 — T3 L9 — X4
Pl
23(%3—17$4—17 1—$3’ 1—%4)

R[S, 3, 2’2] — — (LE4 _ 1)6 (303 _ 1)4 P414( xrs3 T4 T — Ty Tg — T4

~— T

+z3zozs (—1 4+ 22

+$3£U2£C4 ($4 — 1)

—~ —

- (.Tg - £C4) $4P114

3 T4 1 — T3 Ty — Ty

)

3 T4 1 — T3 Ty — T4

)

m3—17x4—17 1—333’ 1—234
1
—|—P44(LE3,$4,$1,$2)

R[3,3,2,3] = — (24 — 1) (23— 1)° P|,(

T3 T4 1 — X3 Ty — T4

)

—29x3 (=1 + 29) (29 — 24) (=1 4+ 21) Piy(23, 24, 21, 72) + Ply(w3, 24, 71, 22)
R[3,3,2,4] = Piy(3, 24,01, 72) + 22 (24 — 1) (21 — 22) Pyy(23, 24, 71, 72)
(24— 1)° (w3 = 1)° (22 — 24) (2124 — 21 + T3 — Do + Ty — 74)
3 T4 1 — T3 T9 — Ty
Py, )

m3—17x4—17 1—333’ 1—234

.’173—]’.1'4—17 ]—1'37 1—.’174
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R[g, 3, 3,3] = -5 (.T4 - 1)5 (£63 - 1)7 (iCl - wg) (£61£C4 — 1 -|— r3 — Tox3 -|— T9 — .T4)
T3 T4 T1— T3 T2 — T4
Pl
11(m3—1’m4—1’ 1—z3’ 1—:104)
+4zy (13 — x4) 1 (124 — 2273) (21 — 22)

(—zar12y — T3 + T17y — T3T4T) + T1 2223 + T47923) (21 — 23)

(124 — 21 + 23 — ToT3 + T2 — T4)
+523% (23 — 24) (=1 + 21) Pag (23, 24, 21, 22)
+10z3 (23 — x4) P113(ac3, T4, %1,22) + Dy (1 — x2) Plll(acg, T4, T1,22)
R[3,3,3,4] = =5 (24 — 1) (z3 — 1) (2 — 24) (124 — 21 + T3 — T223 + T2 — T4)

x x Ty — T3 Tg— X

-PIIZ(wg i 17 24 j 1’ 11— 3033’ 12— w44)
—3z4 (23 — 24) 22 (124 — 2223) (21 — 22)

(mrarig — 2ox3 + 1Ty — 232471 + 12223 + T4T223)

(T4 — 2+ 25— o3+ o — 24) (T2 — 24)
—52329%4 (=1 + 29) (22 — 24) (23 — 24) (=1 4+ 21) Pjy(73, 24, 21, 79)
—br3x9m4 (T4 — 1) (22 — 24) (=1 4+ 21) (21 — 22) (23 — 24) Pjs(23, 74,21, 23)
+5 (23 — 24) ac4P114(ac3, Ta,Z1,%2) + Bbxg (21 — 23) P1]2(m3, Ta,T1,%2)
R[3,3,4,4] = — (24 — 1)6 (z3 — 1)4 (g — x4) (124 — 21 + 23 — o3 + Tg — 24)
.P212( T3 Lq L1 — I3 302—564)

4 (=14 23) (25 — 24) Piy(@3, 24,21, 22) + 22 (24 — 1) (21 — 23) Pyy(a3, 24,21, 72)

+2z024 (x4 — 1) (=1 4 z2) (x3 — 4) (1 — 22) P214($3, T4, %1, T2)
R[4,1,1,1]= 51 25" (21 — 29) (z124 — 2223) PH(i $—2 i T4
zy xy w3 xy
+4 (z1 — 1) (22 — 1) (21 — 23) (22 — 24) (—2a + 23+ 2124 + 2 — To23 — 21)
(Tamoxs + 2174 — T4T1T3 — TaT3 — TaToTy + ToT123) (1 — 22) (2124 — T223)
45 (22 — 1) (z2 — z4) Py + 10 (21 = 1) (21 — 23) Py 4 5aa (21 — 1)° (21 — z3) Py,

R[4a 17 172] = m17m35P112(m_1a m_l’ 30_3’ g) - P112 — T2 (ml - 1) P212

.1'3—1’.’E4—1’ 1—1‘3’ 1—1‘4

R[4,1,1,3] = 521 15" (23 — 24) (2124 — Bo23) Ply(—, =, —, =)

=3z —1)(zg = 1) (21 —23) (2 — 24) (—2a+ 23+ 2124 + 22 — To23 — T1)
(2423 + 104 — T4T1T3 — To¥3 — TaToT1 + oz 23) (T3 — x4) (T124 — T223)

+5 (24 — 1) (22 — 24) Py + 5 (23 — 1) (21 — 23) Py

+52923 (24 — 1) (23— 1) (23 — 24) (21 — 1) (21 — 23) (T3 — 24) Pay

52420 (24— 1) (23 — 1) (23 — 24) (21 — 1) (21 — 23) Py

R[4,1,1,4] = 21°25" Ply(—, =2, —, =2) = Ply — woua (ws — 1) (x5 — 24) (x1 — 1) Pl
T1 T1 T3 I3

R[4,1,2,2] = —2:°25° Py (—, =, —, —) + P,
[4,1,2,2] T1 T3 22(1;1’:01’:03’x3)+ 22

R[4, 1, 2, 3] = $12LE33 ($1$4 — $2$3) P213(—, /—, -, /—) — I3 (mg — m4) P213 — $4P214
1 T1 T3 I3

R[4, 1,2,4] = —2:25* Py(—, 2, —, “4) + P},

22



R[4,1,3,3] = —21%25° (23 — 24) (2124 — 2223) Pyy(—, —, —, —)
r1 L1 T3 T3

+ag (24 — 1) (22 — 24) Py + 22324 (23 — 1) (21 — 23) (24 — 1) (29 — 24) Py
+$4 (ZE'; — 1) (ac1 — 33'3) P414
1 1
R[4, 1, 3,4] = —$13$33 ($3 - m4) ($1$4 — $2$3) P314(— 2 — E

£Cl’ 1 ! .Tg’ 3
—x3 (24 — 1) (22 — 24) P3, — Pyy
R[4,1,4,4] = 21 23° Py (—, =, —, =) + Py
r1 1 T3 I3
) 1 T4 1

[47 23 17 1] = —I15m35 (CC] - $2)2 (;U-|£C4 — $2m'3) P22(.Z~ .r— m— r—
1 1 3 3

+ (2o = 1) (22— 20) Pl +2 (21 = 1) (21— 23) Ply + 22 (31 = 1)* (21— 3) Py
—ZT1 (mg — 1)2 (mg — 334) P212($2, L1, T4, $3)

=2 (z9 — 1) (29 — z4) P112(:v2, T1,24,23) — (21 — 1) (1 — 23) Plll(acg, T1,T4,%3)
g 1 x4 1

R[4,2,1,2] = bz, "23° (1 — 29) (2124 — 223) PIIZ(;c_j’ ot w—z, =

+2(zy = 1) (22 — 1) (21 — 23) (22 — 24) (=24 + T3+ 124 + 29 — To23 — 21)

(Tazo®s + 124 — 2aT1T3 — Tokz — TaToZy + X1 23) (1 — 22) (124 — T223)

=5 (21 = 1) (&1 — @3) Ply = 52 (21 = 1)* (21 — 23) Py

+5 (zy — 1) (29 — 24) Ply(zg, 71, 24,23) + 5 (z1 — 1) (21 — 23) P}y (22, 21, 24, 3)

R[4, 2, 1,3] =2 $34 ($4 — 1) ($3 — 1) ($3 — $4) (;ﬂl — mg) ($1$4 — $2$3) P214(—, —, —)
ry T1 T3 T3

+ (24 — 1) (29 — 24) Py + (23 — 1) (v — 23) P}y

Fzows (24 — 1) (23 — 1) (23 — 24) (21 = 1) (21 — 23) (22 — 24) P

taoxq (zq — 1) (23 — 1) (23 — 24) (z1 — 1) (z1 — 23) Py,

+z123 (24 — 1) (23 — 1) (23 — 24) (29 — 1) (29 — 24) Ppy(w9, 21, 24, T3)

+zi24 (24 — 1) (23 — 1) (23 —24) (22 — 1) (22 — 24) (21 — 23) P23(m2, T1, T4, 23)
14

— (24 = 1) (22 — 24) Ply(72, 21, 24, 23) — (23 — 1) (21 — 23) P{3(22, 21, 74, 73)

g 1 x4 1
R[4, 2, 1,4] = —£612.T33.T4 (£C4 - 1) (.Tg - .T4) (,Tl - £CQ) (,T1£C4 - .Tgivg) P23( 2 1

1 3017»’6_3’56_3)
—P114 — I (m4 — 1) T4 ($3— $4) (ml — 1) P214

—2y (zq — 1) zg (22 — 1) (22 — 24) (23 — 24) P213(m2, T1,24,73) + P113($2, T1, %4, T3)
o 1 z4 1
[472?272] =T :U-g 1311(_2 —_ _4 _) + z ($1 - 1) P22 Plll(x%xlam%mf%)
T acl rg Zz3
Z9 1 T4 1
R[4, 2, 2,3] = 5I1S$37 (x'g — $4) ($]$4 — :UQCCg) P14(r_1 E .23_3 .23_3)
-3 (.Tg - 1) (£C4 — 1) (iCl — .Tg) (iCQ — $4) (—£C4 + a3+ 2124 + T2 — T3 — £61)
(Tamoxs + 2174 — T4T1T3 — ToTs — TaToTy + ToT123) (T174 — T223) (B3 — Ta)
=523w5 (4 — 1) (w3 — 1) (23 — 24) (21 = 1) (21 — @3) (22 — 24) Py
—5$4$2 ($4 — 1) (CC3 — 1) (333 — $4) (acl — 1) (acl — CC3) P214
+5 ($4 - 1) ($2 - 'T4) P114($27 L1, T4, $3) +5 ('T3 - 1) ($1 - 'T3) P113($27 L1, T4, x3)
9 1 x4 1

R[4,2,2,4] = 21 23 P“(m_l o my ) T (@ = 1) (s = ) (21— ) Py

—P113(m2,$1,$4,$3)
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9 1 T4 1

R[4,2,3,3] = —21%23% (23 — 24) (21 — 22) (2124 — 2923) Py(—, —, —, —)

xy wy xs xg
+ag (24 = 1) (22 — 24) (21— 1) Pa
22425 (23 — 1) (21 = 1) (21 — 23) (24 — 1) (22 — 24) Pay
Fag (23— 1) (21— 1) (21 — 23) Piy
—z3 (x4 — 1) (22 — 1) (x2 — z4) P414(w2, T1, T4, T3)
—2x324 (24 — 1) (22 — 1) (22 — 24) (23 — 1) (21 — 23) Piy(22, 71, 24, 23)
—z4 (23 — 1) (z2 — 1) (z1 — 23) Ps(x2, 21, 24, 73)

zg 1 x4 1

R[4, 2, 3,4] = —£613.T33 (iEg - $4) (iCl - wg) (£61£C4 - xgwg) P34(— —_—, Y, —

z1 561 J03 z3
—z3 (24 — 1) (g — z4) (z1 — 1) Py + (1 — 21) Pyy

+$3 ($4 - 1) (mQ - 1) (;fg - 134) P314($2, T1, T4, mB) + (mQ - 1)P3}3(x27 T1, T4, mB)
9 1 T4 1

R[4,2,4,4] = —z1%25% (21 — 2) Piy(=—, —, =, —) + (z1 = 1) Py,

1 L1 T3 T3

+(1 = z3) Pis(w2, 71, 24, 73)
1 1 1 1

R[6,1,1,1] = 5z, %o 23es* Py (—, —, —, —) + 5P,

1 Ty T3 T4
+6 (ml - 1) (;fl - iEQ) (;fl - 133) ($1LE4 — $2I3)
: (—$2933 + 242203 + 12223 + X124 — T1XT4T3 — $1‘$4$2) (34 22 — 2923 — 24 — T1 + T124)
1 1 1 1

1 562 $3 Tq
-2 (;rg — 1) (;fg — 134) (;fl — 132) ($1LE4 — $2I3)
(—woxs + waxows + T XT3 + T1Tg — T1T4T3 — T1T4T2) (T3 + To — Tok3 — T4 — Ty + T12y4)
1 1 1 1

[6 1 1 3]—5%'3 $44$1 ) PIS(_ —_—,, — —)+5P13($],$2,$'3,£U4)

zy' xy w3’ 1y
-2 ($3 — 1) (ng — .T4) (iCl — .Tg) (£61$4 — £CQ$3)

(—zos 4 1425 + 212225 + BTy — T1TaT3 — T12422) (T3 + T2 — ToZy — T4 — T1 + T124)
1 1 1 1

R[6,1,1,4] = 5x46m3433243313P1]4( —,—)+ 5P},

w1 2y w3’ Xy
-2 (.T4 — 1) (ng — .T4) (iCQ - .T4) (£61$4 - £CQ$3)

=29y 4 1425 + 212225 + B1Tg — T1TaT3 — T12422) (T3 + T2 — To¥y — T4 — T1 + T124)
1 1 1 1

R[6,1,2,2] = —z1 w5 24" as PQIQ(E Tt m_4)+p212
R[6,1,2,3] = 2124 $2$3P2]-3(T117 ;2 1_13 ;4) + Py,
R[6,1,2,4] = —21%23°22%24” P;4(ml_1, ?12 713 :714) + P,
R[Gv 1,3, 3] = —3034534456135323133}3(%’ %’ $_13’ 33_14) + Pg}s
R[6,1,3,4] = —25°2 %2324 1334(1%1 r—12 x—l?’ $—14) + P,
R[6, 1,4,4] = —a 2astastant Pl (1, L Ly 4l

z1 »’U2 $3 T4

24



