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Affine del Pezzo surfaces M,

Mg ={(x1, %, %) € (C3|go(x1,x2,x3) =0},
o(x1, X2, X3) = X1X2X3 + @1(X1) + w2(X2) + p3(x3).

Example
e Moduli space of 4-generators Sklyanin algebras up to Ss:

© = X1X2X3 + X1 + X2 + X3.
o Flat deformation of Es elliptic singularity (etingot-ginzburg]
P = X1X2X3 + % (X13 + x5 + X33) +mXE 4 n2XE + maxg + > wixi + w.
e Sly—character variety of a torus with one boundary
0= X1 XoX3 — X2 — X5 — X2 + w.

e SL, character variety of a Riemann sphere with 4 holes.

© = X1 XoX3 — X2 — X2 — X5 4+ w1 X1 + waXe + waXa + wa.
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tum del Pezzo surfaces

@ Etingof, Oblomkov and Rains: weighted projective del Pezzo surfaces
with nodal divisor.

@ Etingof and Ginzburg: quantum flat deformation of cubic affine cone
surfaces with an isolated elliptic singularities.

@ Oblomkov: spherical sub-algebra of the rank 1 double affine Hecke
algebra (DAHA).

@ M.M.: spherical sub-algebras of certain degenerate DAHA.
Today:

@ Quantise all affine del Pezzo of the form M., in such a way to produce
Calabi Yau algebras.

@ Introduce the generalised Painlevé—Sklyanin algebra (classical and
quantum) and study its properties.
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Monodromy manifolds for the Painlevé diff. equations

P-eqgs

Polynomials

PVI

X1 X2X3 — X12 — X22 — x§ + w1 Xy + waXe + w3Xz + w4

PV

X1 X2 X3 — X12 — X22 + w1X1 + waXe + w3Xz + wy

PVieg

7 7
X1XoX3 — X{ — Xo + w1 X1 + waXo + w4

PIV

X1 X2X3 — X12 + w1 X1 + waXe + w3Xz + w4

Pli[Pe

2 2
X1 XoX3 — Xy — Xo + w1 Xy + waXe + wa

PIIIP

2 2
X1 X2 X3 — X7 — X5 +wi1X1 — X2

PlIPe

X1 X2X3 — X2 — X2 — X2

PIIM

X1XoX3 — X1 + waXo — X3 + w4

PII™N

X1 X2X3 —X12+w1X1 —x2—1

PI

X1XoX3 — X1 — Xo + 1

2 2 2
© = X1 XoX3 — €1X] — €2Xo — €3X3 + wi1X1 + waXe + w3Xs + w4

Marta Mazzocco




Cusped character variety

Regular case
= ,'~<>'

Fundamental group: m1(%g,s)
Representations:

Hom (71(Xg,s) — SLk(C))
Character variety:

Irregular case

= ="
I
Fundamental groupoid of
arcs: ma(Xg,s,n)
Representations:
Homy (7a(Xg,s,n), SLk(C))

Hom (71(Zg,s) = SLk(C)) /s1,(c) Decorated character variety:

Homy (ma(Zg,5.0), SL(C)) /177, 4
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Decorated character variety

SL>-Decorated character variety:

Homq (ma(¥g.s.), SL2(C)) /110, 4

Lemma

| A\

The decorated character variety is an affine variety of dimension
69 — 6 + 3s+ 2n.

Functions on the decorated character variety:
trg : SLQ(C) — C

M — Tr(MK), where K:( _01 8 >

The coordinate ring has a cluster algebra structure and the Painlevé
monodromy manifolds are special submanifolds.
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Example: PV

. <

dy A
E:(z +ﬁ+Aoo)Y

dease
(ab} =ab, {ac}=0, {ad}= —%ad
{ae}=1ae {bc)=0, {bd}=-,bd {be}=1be
{e.dy=—3cd, {c.e}=yce. {de}=0 (G, }=1{G}=0,
Monodromy manifold:
My = {x(a,b,c,d,e)| x,{x, e} = {x,d} =0}
= My = Cl[xy, X2, X3]/ (o—0)

¢ = Xxexs+x+x —(Gid+ G)xi — (Ged + Gi)xo
—(d+ GiGe)xs + & +1+ GiGed
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Poisson structure

Poisson algebra A, = (C[x1, X2, X3], {*, - }¢) where

dpAdgAde

{p’ q}w - dx; A dxa A dxa

is the Poisson-Nambu structure on C2 for p, g € C[x1, X2, X3].

This descends to the coordinate ring of M.,:

_ 9% _ ¢ _ 9
{x1, %} = 9% {xe, %3} = o {xa,x1} = o

2 2 2
© = X1 X2X3 — €1X] — €2Xo — €3X3 + wi1X1 + waXe + w3Xs + w4
{X1 s XZ} = X1 X2 — 2e3X3 + w3, and cyclic,

{¢,x:} =0, vVi=1,2,3.

For generic w it is nowhere vanishing on M.,.
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Universal Painlevé algebra UP creocmm auisov20tel

Definition

Given any scalars e1, €2, €3, and g, ¢™ # 1, UP is the algebra with generators
X1, X2, X3, Q4,Q2, Q3 defined by the relations:
g 2Xi X —q'2XeX — (g7 - @)eaXa + (72— q'/%)2s =0,
g 2XeXs— q'2XXe — (@ — @)e X + (72— g% =0,
g 2XsXi - q'2X X — (g - @eXe+ (77— g% =0,
Q,]=0, i=1,23.

X; X
Seml classical limit limg.1 % L. q] = —{x, X}

q XX — 92X = g VR (X, X 4+ (1 - 9)XeXi) =
[X1, Xe]
1-q

+ XX — qP(1+ QesXs + Q2 =

{X1 5 Xz} = X1 Xo — 2€3X3 + w3
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Confluent Zhedanov algebra U Z crekmov-mm.-autsov 2019

Definition

For any choice of three scalars Q?, i=1,2,3, the confluent Zhedanov
algebra U/ 2 is the quotientUP /(Q1 — QF, Q> — 03, Q3 — QI).

In other words, U Z is s the algebra with generators Xi, X2, X5 defined by the

relations:
92X X — q'2%X — (@7 - @)esXs + (72— 9708 =0,
972X — 92 XX — (7 — e X + (72— q/%)0f =0,
g XX — 42X X — (07" — Q)eXe + (g%~ /%)% = 0.

Theorem

UZ is a Jacobian algebra with potential ® and central element Q3 given by:

d = X1 Xo X3 — qX2X1 X3 + (61X1 + 62X2 + 63X3 —|— (1 = Z Qu Xx

2f

Q9
Q3 = /GXs XoXi — Qer X2 — %fo — gesXZ + /GB X1 + —Z X + /G Xs.

Va
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Further properties of U Z

How about unimodularity?

The confluent Zhedanov algebraldl Z is a family of 3-Calabi-Yau algebras.

For Q2 = ¢« = 0 for all k we obtain the quantum polynomial algebra

C(X1, Xe, Xa) /1, 1= 1(q""2X1 X2 — g"/*XaXy, and cyclic).

The confluent Zhedanov algebralti Z is a PBW deformation of the quantum
polynomial algebra.
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Relation with DAHA

@ The monodromy manifold of PVI quantises to the spherical sub—algebra
of the rank 1 DAHA H. oblomkovl.

@ Whittaker degenerations of H such that their spherical sub—algebra is
the corresponding confluent Zhedanov algebra. m.m. Noniinearity '16]

Whittaker degenerations correspond to the confluence of the Painlevé
differential equations:

D, D,
P P i1 P ///8

X

Py —— Py —— P PM — P,
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g-Askey scheme

@ All the confluent Zhedanov algebras admit representations on the space
of (Laurent) polynomials.

@ Elements in the g—Askey scheme span eigen-spaces.

Dual Al Salam Cont. big Cont.
q Hahn Chihara q Hermite q Hermite
Askey Little
Wilson q Jacobi
Big Big Little

g Jacobi g Laguerre q Laguerre
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Sklyanin algebra

Qs(€, €0, €1, 82) := C(X1, X2, X3)/ (00 00

OX{ 0%’ D

7

&)

&

with
e
® = e X1 Xo Xz + €1 X X1 Xz + 32()(13 + X3 + X3))

@ For (eo, e1, e2) € &, it is a PBW deformation of the quantum polynomial
algebra [Artin-Schelter].

@ It is also Calabi-Yau pyudu-shkarin].

We introduce a general algebra containing all these examples as sub-cases
that can be obtained by rational degenerations.
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Generalised Sklyanin—PainIevé algebra [Chekhov-M.M.-Rubtsov 2019]

Definition

The generalised Sklyanin-Painlevé algebra is the algebra with generators
Xi, X2, X3 and relations:

XoXs — aXaXo — aXP+ a1 Xy + @ =0,
XaXi — bXi Xs — BXE + b1 Xo + b2 = 0,
XiXo — cXoXi —YXZ + 1 X+ C2 = 0.

v

For specific choices of the parameters as follows:

@ a-b=co0and(@B, apy) #(—1,1)
e(a,b,c)#(0,0,0)ander‘thera:B:a—b:oam:a:c—a:OorB:w:b—c:o,
©Q o=8=+=0and(a b c)#0.0,0),

it is potential, CY, PHS and Koszul.

A\
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Gen.
Center ¢ del Pezzo
DAHA forq = 1 Halphen Halphen
divisor Doo surface divisor A
Elliptic X{XpX3 + X13 + XS + xg A“)
— ) ) » X Xp X3+ 0
E6 +ayxj + byx5 +cyxg+ Bl
1 2 3
+apXy + boxp + coxg +d
X{ XpX3 +X13+Xg+ 1
GDAHA ) ) ) X1 XpXg+ AN
+a1x1+b1x2+c1)(3+ 0
1 3 3
EM XX
6 +apxq + bpXp + Coxg + d
X{XoX3 + x13
A
Laix® 4+ byx2 2 3 1
1X7 + b1X5 + oy xg+ XqXpX3 + Xj
Deg. +apxq + boxg + Coxg + d
GDAHA (1)
X1 X2X3
A2
+ay x12 + by xg + ¢4 X§+ X1X2X3
+apxq + boxg + Coxg + d
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Gen.
Center ¢ del Pezzo
DAHA forq = 1 Halphen Halphen
divisor Doo surface divisor A
2 2 2
DAHA X{XpX3 — X{ — X5 — X5+ D“)
X1 X2X3 4
éc FwiXy + woXp + w3Xz + wy
1
> 2 (1)
X{XoX3 — X{ — X5+
Deg. 1%2X3 — X 2 X1X2X3 D5
DAHA W1X) +woXp +wgXg +wy

X{XpXg — x12 — X§+ X1 X2X3 D7
Twixy — X
1
X{XpX3 — x12 — x22 — Xp X1X2X3 Dé )

NSNS
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Gen.
Center ¢ del Pezzo
DAHA forq = 1 Halphen Halphen
divisor Doo surface divisor A
2 1
Xy XpX3 — X7+ Eé )
X1X2X3
wiX{ + woXp + wzXz + wy >
X{XpXg — x12+ X1 X2X3 E§1)
+wyxy —xp — 1
1
x1X2X3 Eé ) A
X{XpX3 — Xy — Xp + 1
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Additive Painlevé equations

Halphen
Polynomial ¢ Quantum relations Divisor A

surface

2 _ 2 __ o
X5 — x3xs X =% =0 A

X3Xo + XoX3 = 0

2 2 XoXs + XsXo — X2 = 0 1)

X5X3 — X1 X2 » A
X5 = XoX1 + Xy X2 =0

3 3 2 _2_0 AD”

X{ + X3 Xy = X; = >
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Outlook

@ Case of degree d > 3 only partially understood

Polynomials ¢ weiéghts Poo
§+§+X§+Tx1x2X3+n5xf’+~~+w, (1,12,3) §+§+§+”1X2X3
XJ;+5§+f§-+rx1x2>(3+n3x13+~~+w, (11122) XJ‘:{+5§+£§-+”1X2X3

XyXpxg + XD + X8 + X8+ mgxf + -t w, (2,15,3) xXixpxg + X} + x5
xpxpxg +xf + B Bt g 4w, (1,31) e A+

@ Relation with DAHA not clear for first two.

@ Relation with all other multiplicative discrete Painlevé equations is not
clear.
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