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§ Generalized Riemann scheme

M :|Pu=20 (P =anp(x)0" 4+ -4+ a1(x)0 + ap(x))

PeWlz]=Clz,0], 0=-2L, J=2x0

cop = 00,C1,...,Cp : the singular points of M (a,(c;) = 0)

Under the coordinate ¢; = 0, we assume M has (formal) local solutions

o Y X, °
(E) |uy(z) = p(x)zto0 exp(—r — S )| (v=1,...,n)

d(r) =1+ a1z + asx? + -+ - € Clx]
M) = A0 2"+ A 2+ Ay g €Cla], Ay #F A (=1 <v <V <n)

v

Theorem [Hu,...] 8 € R = 3 R > 0, 61, 6> and solutions u, to M such tha

62’6

0 € (61,62) and u, have asymptotic (E) for x — ¢; = 0 on

Ve, R(01,00) =17 €C ||z —¢j| < R, 01 <arg(r —c;) < 02}

Cj /

Characteristic exponents \; , € C[x]| of M at x = ¢; are defined through ¢; — 0



e No logarithmic term (< for simplicity)

e No ramified irregular singularity (<« essential)

{Njalomays - - [Aj,nj](mnj)} . characteristic exponents of M at x = ¢;

)\j,,/ - C[ZE], n =m;1 —|—---—|—mj,nj
[)\](m) ={\A+1,.... A +m—1}

Generalized Riemann scheme (GRS)
(x=c¢; (j=0,...,p))
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o deg);, =0 (r=1,...

\
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/
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_Bn
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aq
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/

,m;) = c; is a regular singular point

1", (n—1)1,1"
nEn—1(a; B; )

2o =2 By

e Versal unfolding of (GRS) — (GRS) of a Fuchsian equation (cf. [Ov])
= spectral type (a tuple of partitions of n = ord P)



Example : spectral type 211|22|22, 31
Pu=0: ord P =4 with x = oo (Poincaré rank 2) and 0 (regular singularity)

u(x) =~ x~ (1 + o(x_l))e_alx_%”xQ, gm0~ lgmae—gasz” (x — 400)

—boe—blx

Q

x , x e (x — 400)

~ (14 o(z?))z, (2 +o(x))rt!, g2 g (x — 40)

Fuchs-Hukuhara relation : 2ag + bg + co + 2¢1 + ¢ +c3 =4

( T = 00 =0 (x =00 (1) (2) =0
< a0 + a1z + a22%] () [ea] ) , _ J Mool laala ezl ede) {
bo + b1 C2 bo b1]2 0]2 C2
\ Co + brw J . ¢0 J

idx(211|22]22,31) = 0 = 1 (= 1 — 'I*) accessory parameter ~~ versal Heun, P’

( L 1 1 _ O\
f N O?I, a ! _CLE xa_ E .
{ [ao B ﬁ ™ t1§2](2) [ﬁ + tl(t12—t2)](2) [tz(t22—t1)](2) [Cl](g) >
_ b b 0
0, 172 0](2) Ca
\ Co— % ,




§ Index of rigidity and two operations (cf. [Of, Ovl)
idxm = 2n° — Z n? — m Zdeg G = Ajur) s MM
= 2n° — Z(n2 — (m(-r)) )
di(m)=2n-> (n—mj1) =Y deg (N — A1) - M,
= 2n — Z(n — mgl))

(FC) ij,,,)\j,y(O) —ordm + %idxm = ‘{[)\(T) ( (m)}! =0

# Accessory parameters = 1—% idxm (#=0<«rigid, Pfaffian Eq. = 2—idxm)
Addition

u(x) = v(z) = p(x)u(z) = 0 Ad(p)d =@podop " =0 —

Ad((z—e)M)0=0— -2, 9= Ad(z?)d =0 — ), Ad(p)™! =

Middle convolution : a microlocal operator

u(x) —v(z) =0 Hu = ﬁ /Cx w(t)(x — )" tdt (c: singular point, p € C)

Pu(z) = 0= mc,(P)v(x) =0, mc," =mc_, (mc,(0) =0, mc,(V) =9—p)

mc,, (P) == 9~*0~ (0" P)o* € Wx] (0" P € C[9,9), largest L € Z)



( )

r = Cop =0 r = C1 ZC:Cp
[A0,1)(mo.1) Atilmiy 0 el
(J) : < . . o
Aono]mong)  Pimilominy 0 Ponplompn,)

mey,  {{Nwlmy ) b = ANy Pu=0— Pv=0 (I =mc,(P))

Theorem. Suppose o1 =1+ p (deghp1 =0), A1 ==X 1=0
and other exponents are generic (12, 1 may be 0). Then ([DR, Of, Hil])
m;, =m;, — 0,1 - di(m) (1<v<mn;, 0<j5<p),
i1=050-(1—p) (7=0,...,p),

Niw = N + (deg Ay + (=1)%°) - (2<v<my, 0<5<p)
and the index of rigidity and the irreducibility are kept.

By suitable (versal) additions and transpositions of the indices, we may assume
(%) with () >, m!") > > m'") (j=0.....p. v=2,...,n;). Then
Theorem [Kz, Of,...]. If idxm >0 = d;(m) > 0 = rigid Eq. is reduced to v’ =0
Theorem [CB, Of, Hi2, 7]. If d;(m) <0 = m is irreducibly realizable (basic)
Theorem [Of, HO|. #{m | di(m) <0, idxm = K} < © (VK € Z)




(07 0)(a) = (fw)(a) = s / Cu(t) (e

(a:a singular point of u(x))

Ig@ﬁ)::féﬁlémfwx——ﬂ”_%ﬁ::F

Igo(:cAe_x) ~ xke_ngo(—)\,,uj; 3 (Jz| = oo, |argz| < 3777)

x

PA+1)  atu
T
A+p+1)

. oy N (@0 () g
pFQ(ala'”aapola'-'7561733) _nz::o(ﬁl)n(ﬂq)nn‘m

n!
n=0
Ig(xA 'qu(ala"' 7041?5617"'7561;:‘:33))
'+ 1
::I?A+MF()\<+M+)1) .p+1FQ+1(a17°"7O‘p7}‘+1;51)-"7BQ7)\+M+1;:|:$)
_ LCA+1)

T (A= T) THE (N 1\ 1; — K
o(z7e™™) Th+p+1) 1A+ LA+ p+1—x)  (Kummer)

: T(A+1)

If (a1 —2)™) = T+ p+ 1)‘%A+M 2Fi (A +1,-N5A +p+ 1;z)  (Gauss)




§ Riemann-Liouville transform
1 * _ 1 _
(1 o) @) = 1 [ e = s [utia —ty~tat
L:la,B]2t— L(t)eC, Lla)=a, L(B) =z, 0 =arg L' («),
L(s)# L(t) fora<s<t<p
€90

M L

a C

L:[o,y]3t— L) €C, a=La) and c = L(v),
L(s) # L(t) fora < s <t < 7.
e u(z) is holomorphic for z = L(t) (to € (o,7)), L = Z|[a,to]
Want to know the asymptotics of ([#u)(x) for tg — « and tg — 7

in terms of those of u(x).




§ Riemann-Liouville transform (Main Theorem) (cf. [Of, Ov, Or|)
0

69

(o)) = s [ ult)o =t SO

F(lu’) 00 0 c

(1.1) u(x) ~ (Z an, ) (z — €“0)  (¢(z) :==ao+arz+--- € Clz])

n=0
LA+ 1) - A+ Dnan  n\ rtp
= (I, iU u)(x (>\-|-,u—|-1)(?;)(>\—|—,u—l—1)nx )x
(1.2) u(z) ~ p(x)z eXP( 930 — ;,;%11 —) (a:—>ei90) and Re Cpe "™0% > (
(Iuwo u)(z) ~ (moCo)~ ¢($)$A+(m0+1>“ exp(—fTOO — xCTll — .. )

o, ¥ € Clz], ¢(0) = (0), mog > m1 > -+ >my >0 and m; € Z>og
(2.1) w(@)~ (c—2)) (z—c—e?0) and Re (N + p) <0

= (L, u)(7) ~ F(F—()\_’;),u) (c— CC))\/+'M < Re(A=X)>0«<=c=0, (1.1))

(2.2) wu(zr) ~ (c — :E)A/ exp ( 4 9 4 ) (= e — ew/O) and

o (c=2)™0  (c—2)™1
Re Che™™0? >

= (queou)(a:) ~ (moCH) H(c— ;C)A/+(m6+1)u exp<( C(/;mé n ( Ci)m/l iy )

(23)  lim  w(@)(c—z) =0 = lim u(z)=(I"

. 0/
x—c—et0' x—c—et0'



§ Example (,,_1F,_1 : a confluence of ,,F}, 1)

1"|(n —1)1,1" (n=2 = Kummer's Eq.)

r = 00 xr =0 n n
GT .= 1—X1,, (1<v<n) (1 <v<n) (ZAO,V:ZALV)
vr=1 vr=1

+x — )\Ln

L~ 20,1 T = 00 x =0

Ad( )> 1—>\1’V—|—>\0,1 (1 §V<7’L) 0
T — A0+ o1 2<v<n)
MCXp,1 21,1 T =00 z=0
’ — e l—X .+ X1 2 v<n) (2 <v<n)
+xr — Ai,n + o1

m>\]_,]_—>\0’2 r = OO xr = O

Ad( )> 1—>\1’V-|->\0,2 (3§1/<n) 0
T — Ai.n + Xo,1 + Xo2 — A1 3<v<n)

Ad(z0,m—17A1,n—2)
- 5

( T = 00 z =0 )
1 =X n—1+Xo,n-1 0
{ n—1 >
+x — A1,n + Xo,1 + Z(Ao,u — A,v—1)
\ v=2 J

r = o0 =20
= G;I: = 1— >\1,n—1 —|— >\0,n—1 0 (Kummer)
T+ Ai,n—1— Ao,n



<5

<5

PN n—1 20,1 {
4

Gi —

e o o

r = o0 =0
=<1 =X n_1+Xon-1 0 (Kummer)
:sz‘i‘)\l,n—l - >\O,n
X0 n—1—2 ,n—1 Tr = 00 =0 A —
’ ’ N 0,n 1,n—1,F<
’ {:l:w_*—)\l,n—l _>\O7n > " ©
N r = o0 x =0
X — X
GF ={1 =X n-1+Ao,n-1 0
T+ A n—1— Ao,n
Ad(F T = o0 z =0
M +r4+1—-—Xn-1+Xon-1 0
Al,n—1 — Ao,n

r = 00 r =20 }

T +1—A,n_1+Ao,n—1

r = 00 xr =0
1—X,, (1<v<n) 1<v<n
:|:33—>\1,n

~ ~

~

A _1—A _ AMn—1—A0.n—
Ad(x 0,n—1 1,n Q)IOol,n 1 0O,n—1

Uooa (1) = Ad(a 1) 201200 Ad(gro2 My 2o

(a,;AO,n_Al,n—l e—fﬂ)

~ gl ® (Jz| = o0, |argz| < 3%)7
+ ~ (. ETi A1 L —1 37
Uso,1-n,, (®) = (e7" )™ (lz| = oo, |argz £ 7| < ),
A~ 0 (x —0) (<14

— 1)



Connection formula: 1, ={1,...,n}, Jnc1im ={1,...,n— 1} \ {m}

n
ui:o,l—kl _(x) = Z cr(00:1 — A ~» 0: Ao g)e 0k
’ k=1
i \A1 g —1 .
~ (6 33') ’ . nFn—Q({AO,V_Al,m—i_l}VEIn?{Al,V—Al,m_‘_l}VeJn—l,m
+7wi A —1
= ) R ()M T (] oo, arge & ] < 5F)
n
uoo,w_,\l,n(a:) = Z cr(co:x — A1, ~ 0: X0 k) ~ g line (|| = o0, |argx| < 37”)
k=1
= + +
1—\ i
= 3% r0han = oot A O
m=

+ CF(OZAO’k —~ 0O T — Al’n)ei(Al,n*>\O7kz)7r”iuoo7$_>\1,n(SC)

Stokes relations:

eiF(A17,rn—1)7Ti . + (e:'ZQTl'iw) . ei(kl’m—l)ﬂ’i . + (I)

oo,l—)\l,m oo,1—>\17m

= 2273 - cr(00:l — A1 ~ 001 — Al,n)  Uso,z—xq , (T),

€*>‘1,n7”: : uoo,a:—Aljn (671'1'33) _ eAl’nﬁi : uoo7a:—>\1’n (e_ﬂ-ix)
n—1 .
= —2ms Z cr(co:x — Ai,p ~>00:1 — Ai ) - uizo,l_kl,m(e$mx)
m=1
2rigd TP le—®

n=2 = 2Fo(a,B; ——) — 2Fo(a, B — ) 2Fo(1 —a,1—3;—1)

T T —a)T(1-5B)



I'-factors:
HVGI” L F(AO,V — >\O,k) H’/ejn—l - F(Al,y — )\Lm + ]_)

[Toer, o TOow = Am + DIley, TR = Xok)
[oer, , PRo,v = Xok)

[Toes, T = Aok)

[Toer, 1, TOLm =2 [ler, , TOok = 2o +1)
ey, 1 PQosk = A0 +1) 1‘[,,61 T(A1.m — Mo,w)
Mer, , FGom = Ao +1)

[Les, TQor—Arw+1)

Moes, o, TOLy = Atm + 1)
Mocr. Tow — Atm 1)

Moes, 1 TOrm = A1)
[Ier, T(A1,m — Aow)

CI‘(OO:]. — )\1,m ~> OAO,k) —

cr(oo:x — A1 p ~> 0: X0 k) =

CF(O:AO,I@ ~ 00:1 — )\Lm) =

cr(0:Xp,p ~> 00T — A1 ) =

cr(cotx — Ai,p ~>00:1l — A1 ) =

cr(co:l — Ap g ~> 00T — A1 ) =

Irreducible < X —Mm¢Z (1<k<n, 1<m<n)

Kummer Whittaker
T = 00 0 g1 s T = 00 0 Nz T = 00 0
1 —A1,1 Ao Ak —T+v7—«Q 0 xwre 2, —5 —k %—m
T — A2 o2 o) 11—~ +k T4 m



§ Middle convolution of versal unfolding (Pfaffian form)

(ZZx_a ZAow Jul (A My(©)

71=1 =1

Definition. Versal unfolding of (x) :

~

(ZZ (x —aj,1) Jifjglz(,j))"'(ﬂ?—aj,i)

7j=11=1 ) | (**)
_ Ag,i(a)z' 2
7;222 (1 —ag,22)(1 —agzz) - (1 - ao,z':v))

(%) <= laji = a; (ao =0)]
index of rigidity is stable under the parameter (keeps rigidity)

: : du C;
mdeX:2N2—Z(N2—d1mZMN(C)Cj) for . :Zx_%u Co := ZC
=0 j>1 7>1

)

Assumption. (x) is transformed into Hukuhara-Turrittin-Levelt's normal form by

GL(N,C|[z]a,) (= without ramified irregular singularities)



Conjecture. (x) :

irreducible = 3! versal unfolding

(irreducible < no non-trivial subspace V' of CV with A;;V C V)

Theorem [Oc, Ov].

3 middle convolution of versal unfolding

= Conjecture is stable under middle convolutions

Corollary. () :

rigid = Conjecture is true

(True in general by Hiroe)

d_u . A1’u, Agu A3’LL
Example: de z—a1 (z—a1)(z—a2) (x—a1)(z—a)(z—as)
A Ay A 0 0 0
) ( 13_M " 03> <A1+u Ag+(ag—ai)p  As )
MCy du . 0 0 u i+ o (az—ai)p g
" odr T — a1 (x —a1)(x — az)

+

0 0 0
( 0 0 0 )
Ai1+p As+(az—ar)p Agz+(az—ar)(az—az)p /)

(z —a1)(x — a2)(x — as)

Aq Ag
K:=KerK, K :=| A2 Az3+(az—a1)Az
Az (az—a1)As

Y

As
(az—a1)As :

(az—ai)(az—a2)As

L :={"v,0,0) € C*" | (A1 + p)v = 0}

—> mc, := MC, ‘C3N/(K+m



Theorem [Oc].

X q1in
ql(x) = i 9= : €M<TN7N)7
Hy:]_(x a’V) .
QT’IN
du A;
= = =S " Aiqiu, A; € M(N,N:
de  — (x—a1) - (v —a) u zzl it < M( t(a))
di X
ar a(A, ..., Ar)u+ pDr(a)d = ZAZ% M(rN,rN;C(a) + pC(a))
Dy(a) =Y D,i(a)qe(z), Dri(a) = (Drrij(@)In)1<i<r,
— 1<5<r
(0 (L<Oori<jori<k),
1 (L =0),
Dy ki j(a) = 4 L

> [T(ai-v, —av,n)  (L>0,i>3, i>Fk)

(0<v1 <vo<---<wp <i—k p=1

Li=k+j—i—1.

I8qy (2)u o
(Qi(ﬂf), U = v D ki (a)) < [DR]: (w_la , U = 75k,i5z’,j)
IéLQT(x)u ’ IéA x_uw




§ Versal unfolding of systems with several variables

= 2.5 fl”'aj u  (A; € My(C)) ()

(%) : rigid = (%) — extended to KZ (Knizhnik-Zamolodchikov) equation:

au Ai’y .
(9x' - Z €T: — €T U (xozac, $j:a/j, AO,V:AVaz:Ow"7p) (**)
ng%p

Aii =0, Ajj = Ajq, [Aij, Ake] = [Aij, Aik + Ajk] =0 (F#14,7,k, £} = 4)

< middle convolution mc, of (x) is extended to (*x) (Haraoka [Ha])

(ZZ Ry ZAME ) (0 = @, ©; = ay) ()

71=11=1
Rigid system (*) with unramified |rregular singularities

= versal unfolding (xx) is rigid Fuchsian system if singular points a;,, are generic

Theorem [Oc|. KZ eq. with generic singular points of versal unfolding (Fuchsian)

= | KZ eq. is holomorphically extended to confluent points | (a;., — z; = a;)

= | rigid system (%) is extended to confluent KZ Eq.




middle convolution of (4*) : meu(Ais) = Ais e e

J
0 0 0
Agj =i |Ap1 -+ Agj+wr - Agp | €M®N,C (1<Lj<p)
0 0 0
K:=KerK, K:= Diag(Ao,l, .. .,Ao,p),
L = Ker L, L = _(Ao,l —|— e —|— Ao,p)

by Dettweiler-Reiter [DR],

z J
Ai,j
¢ Ai,j T 40,5 —A40,;
A= € M(pN,C)
1<i<j<p
J —A0,; Aj 5 T A0,

(2%

by Haraoka [Ha]



Example (versal unfolding/confluence of KZ Eq. (cf. [Oc|))

(Ou Ao Ao2 Aos
Oxo (xg — 21 * (xo — x1)(xo — X1 — €2) * To — :Izg)u’
% _ ( Ao _ Aazo
< Oxy r1— 20 (21— T0)(T1 — To + €2)
Ais Aos
+ — )u,
Tr1 — I3 (x1 — x3)(z1 — 23 + €2)
8u . A30 A31 A32
\6—903 N (563 — X0 * rs — I * (CL‘3 —$1)<5133 — X1 — 62)),“7

Aij=A;5: (0<i<3<3), (vo,x1,71+e2,x3) = (1,a01,02,03)

MC,,
) Ao +p Aoz Aos ) 0 0 0
Ao1 = 0 j 0 |, Acec=|Aor+pn Ao2+ean Aoz |,
0 0 0 0 0 0
) 0 0 0 ) A1z + Aos 0 —Aos
Apz=1| O 0 0 , A1z = 0 A1z + Aoz 0
Aor Aoz Aozt u — Aol —Ao2 A1z 4+ Ao1
Aos 0 0 :
N A; € C = Appell's F
Azs=| Aoz Awsteades  —Aos {21’321 21,21 pp21 21 121 21
— Aoz —ea Aoz Azz + Aoz T — 212121,



§ Hierarchy of rigid quartets (cf. [Of, Ot])

{Rigid Fuchsian ODE with p + 1 singular points {0,1,00,y1,...,yp—2}}
— {HG Eq. with (p — 1)-variables (z,y1,...,yp—2)} (p=3)

— {KZ Eq on {<CBO7 s ,CUp_|_1) | Ti € Pl}} (CUO,CBl,---,"L’p—i—l) — (as,yl,...,yp_z,O,l,oo)

(mo,1 -+ Mo,ng, " s Mp,1 " Mpn,): spectre type (p+ 1 tuples of partitions of ord m)
.,%1 1111,1111
Ho Hj
51,222, 33,411

11,11,11 ;e 21,111,111 gglm>.22 211, 1111
: “UN 211,211,211 -
. 33,42, 33,411
411, 42,411,411

I5
41,32,311, 311
41,41,221,221
J5

42,33, 411,411
I
51,33,411, 3111

Py, F3

51,51,222,2211
6
51,42, 321,321

Y ; 31, 22,31, 211
_
N 21,21,21,21 <i:: ; 41,32,32, 221
B 4
: 31,22, 22,22 .,
: 4,5

32,32,32,32 51,42, 33,2211

51,33,33,222
42,42, 42, 321

\{FD Py s
31,31,31,31,31 42.33,33,33

#parameters = Z(# blocks at sing. point —1)



§ HG with two variables corresponding to KZ Eq's (cf. [Ot])

p
Aipg1 1= — ZAi,V (at 00), Aiy, iy = Z A'L'M,z',/
v=0 1<p<v<k
[A[,AJ] =0 ([ CJorlInNnd= @) z=0 =1 T=00 g=y
Ao,...pr1 = Ak —Afo,.. pr11\x (K C{0,...,p})
= Kk (: scalar <= Irred.) Ara =
p=3:(xo,T1,T2,x3,24) < (x,y,0,1,00) Ars X | -
[Ao2 + A13] < [Ao2: A1 3] (conj. class)
[Ao1 + Aoz + A12] = [Ao1,2] = [k + As 4] A 2 4] ¢ fa y=0
Ao+ Ao2] = [Ao1,2 — Ar2] = [k + Az s — Al 2] =
[Ao,2, A1,3] = [As,4, A12] =0 Ao Aoz Aoz Aoa

In general, the Fuchsian ODE satisfied by z; (¢ > 1) is not rigid  (rigid ~ non-rigid)
J Series expansion of (z;,x;) around {z; = zy, z; =z} (#{4,7,4,5' } =4, cf. [KO])

#Rigid spectral types corresponding to the same KZ Eq. with p = 3 and order IV

N — 3 4 5 6 I 38 9 10 11 12 13 14
rigd ODE |1 2 4 11 16 35 58 109 156 299 402 658
sameKZ |0 0 1 1 2 4 9 12 18 31 47 63

KZ Eq. 1 2 3 10 14 31 49 Or 138 268 355 590




§ Example (Appell’'s Fy) (cf. [Oh, Ot])

31,22, 22, 22 : rank = 4, 4 parameters, too to ty t1 bty idx
(1°-2") — Fi:21,12,12,12 foo 211 22 211 22 | —4
= 10,01,01,01 6 21,21,21,21 (8) to | 211 22 211 22 | —4
= 2(20,11,11,11) D (—1)1,00,00,00 (1) ty 22 99 22 31 2
31, 22, 22|22 31, 22|22|22 (conﬂuence) t1 211 211 22 292 —4
a+b+c+d+e= O(: %) (FUChS condition) to 29 22 31 29 2
( Aol Aoz Aos Aos A1z Ais A4 A23 A2y A3zq
T = =0 z=1 =00 y=0 y=1 y=o0 to =11 to =00 11 =00
q [0z [0]2  [0]2 [d]2 02 [0]2 [dl2 [-b—cl2 [at+c2 |a+0b]2
2a [b]2 [c]2 le]2 [0]2 [c]2 le]a 2d 2¢ 2b
\ 2e 0 0

(zo,x1,22,23,%4) = (tz,ty,t0,t1,t0) = (x,v,0,1,00)

Hi + DF :[01] (Dotsenko-Fateev's Eq. 1%, 1%, 13)

2H» : [02], [03], [04], [12], [13], [14]
2H1 + Ho : [23], [24], [34]
w(@,y) = Fa(a, 87,752y, (1 —2)(1 —y)) [Kal,
b=1—~,c=—,d=a, e=f
{d, e, b+d,b+e,c+d,c+e,b+c+d, b+c+e}
(8) NZ =10 (& irred.)
(1) 20 € 7 uw(z,y) = Fla, B,v;z) - Fa, 8,73 9)

Ve




§ A Kac-Moody root system (Fuchsian case) (cf. [CB, Of])

(Oé|Oé) = 2 (Oé € H)7 (Oé()|Oéj,y) — _51/,1, 0.1 0040,2
(Qipulog) = | (i7 5 or lu=vI>1) 5 O 2

—1 (¢=j and |p—v|=1)
W= (sq :x— x— (a|r)a| a e Il): Weyl group

a2 1 a2 2

O

" positive real roots Ay = AT UAT™ O
A”n positive imaginary roots
(Pu=0with {Am), (FO)} 5 {(A\), am) € BY x Ay, (FC)} O} = { z = c; }
O Hu sq (a0 € II) : reflections mS = Njv]im
b (:I;—cj)kju O v —F)\jAg’J NJ (mj.)
{Pu=0with {Am}, (FO)} 5 {(AN),am) €bY x A4, (FO}| {(myu)} = D e Ze

am = (ord m)ag + ijo,kzl > vor Mk (Crawley-Boevey [CBJ)

A i={a|lac Ay, suppadagtU{ka|ac AV, (ala) <0, k=2,3,...}
A(A) = —Ao — 23>0 Zu>1 (Zl<z<y Aj, i)O‘j,V € b’ :=]],en Ca/CA°

Ao = % Qo + 3 zg>o Zy>1( V),

Aj, = Zz>y(l/ ajs (7=0,...,p, v=0,1,2,...)

A? :=2A¢ — 2Ag 0, A%y = Ajo— Ak

FC: [{Am}] = (A(A) + zam|am) =0, idxm = (&m|am)

Theorem [CB, Of]. | {\m} with (FC) is irreducibly realizable < ay, € A,




Suppose m is a rigid Fuchsian spectral type

lwm € W osuch that wmam = ag with the minimal length
A(m
Theorem [CB, Of].

) = AT Nw AT
Pu=0isirred. & > \j,m. , ¢7Z (Yan € A(m))

ZC:Cj

Theorem [Of]. Suppose mg n, = Mmin, =1, c0=0, c; = 1.
4 ’I’Lo—l ni—1 )
[T T(ong = Xow +1) - H T'(A1,p — Aing )
c(0 : Ao,ng ~1: M,ng) = v=1
11 F(|{Am/}|) [T00 = 1w ) H<1 — &)

o7 EA(m) ,EA(m)
m()’nO:1 m(/) nO—O

L mY =0 m’l,nlzl

J

Al ms)

Theorem [Of]. Any contiguous relation of Pu = 0 is constructed (3 algorithm).

Basic spectral types with idx =0 ((1), d;(

m) <0, (am | am) =0)

D4 : 11,11,11,11  11|11,11,11 11|11,11J]11 11]11J11,11 11|11]11]11
Eg : 111,111,111  111]111,111 111|111]111
E;: 1111,1111,22  1111|1111,22 1111,1111]22 1111[1111]22

FEg :
Example with idx =6 — 2p :

P = T (1= 1e)0" + (0w )0+ u(n

111111,222,33 111111|222,33 11111133, 222
11[11] - -

p—3 _
<1)p(u+1)Ht) P>
j=0

j=1

|11 ((p+ 1) copies of 11) Gauss, Heun,...

[Ov]



List of basic spectral types with idx = —2 (cf. [HOJ)

a—1
1 a 1 2—a 2—al1 a a
5 5 (a€Z) O=C—"C0O—0=0 (a€2)
- - 92(22, 211(22

11]11, 1111, 11 111]21,111]21

1
a—1 a 2| 3—a 2-—a 1 1 2 2 1 1 1 1
) @ZOiO:@ =0 O=0—"0 O=0=0

(a €Z) 111111]11]11  211]22(22[22  111]111]2121

©
l-a 1-b a+b-1 22(22,1111|31
111111, 11121

3
2 1 2 3 4 5 [64 2 1
4
2 1 1 2 3 4 5 6 7 [8 5 2
2 2 1 2 2
1 2 1 2
2 1 1 2 2
2211(222222  11111]221[221 22211|2222|44
211[22]22,22  111]21]21, 111 22(22,22, 211
22(22|22, 211 1111)22[22, 31 22(22,211|22
1 2 1 1 2 1 2 1 1 1 1 1
2 2 1 12 1 1 2 3 2 1%1
1 1
211111|2221]43 111111]2121|33 111122|3122[44 11111]1111132 1111]1111]211
1111]22,22, 31 111)21]21,21, 111 111131, 22,22 11)11,11,11,11 11|11/11,11,11

21)21,111,111 22|22,31,1111 111]111, 21,21
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