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§ Generalized Riemann scheme

M : Pu = 0 (P = an(x)∂
n + · · ·+ a1(x)∂ + a0(x))

P ∈ W [x] = C[x, ∂], ∂ = d
dx , ϑ = x∂

c0 = ∞, c1, . . . , cp : the singular points of M (an(cj) = 0)

Under the coordinate c1 = 0, we assume M has (formal) local solutions

(E) uν(x) = φ(x)xλo
ν,0 exp

(
−λo

ν,r

rxr − λo
ν,r−1

(r−1)xr−1 − · · · − λo
ν,1

x

)
(ν = 1, . . . , n)

φ(x) = 1 + a1x+ a2x
2 + · · · ∈ C[[x]]

λν(x) := λo
ν,rx

r+· · ·+λo
ν,1x+λo

ν,0 ∈ C[x] , λν 6= λν′ (⇐ 1 ≤ ν < ν′ ≤ n)

cj

eiθ
Theorem [Hu,. . .] θ ∈ R ⇒ ∃ R > 0, θ1, θ2 and solutions uν to M such that

θ ∈ (θ1, θ2) and uν have asymptotic (E) for x → cj = 0 on

Vcj ,R,(θ1,θ2) := {x ∈ C | |x− cj | < R, θ1 < arg(x− cj) < θ2}

Characteristic exponents λj,ν ∈ C[x] of M at x = cj are defined through cj 7→ 0



• No logarithmic term (⇐ for simplicity)

• No ramified irregular singularity (⇐ essential)

{[λj,1](m1), . . . , [λj,nj ](mnj
)} : characteristic exponents of M at x = cj

λj,ν ∈ C[x], n = mj,1 + · · ·+mj,nj
(j = 0, . . . , p),

[λ](m) := {λ, λ+ 1, . . . , λ+m− 1} (λ ∈ C[x])

Generalized Riemann scheme (GRS)

(⋆) :


x = cj (j = 0, . . . , p)

[λj,1](mj,1)

...
[λj,nj ](mj,nj

)

 ,



x = 0 x = 1 x = ∞
0 [0](n−1) α1

1− β1 α2

...
...

1− βn−1 −βn αn


1n, (n− 1)1, 1n

nFn−1(α;β;x)∑
αν =

∑
βν

• deg λj,ν = 0 (ν = 1, . . . , nj) ⇒ cj is a regular singular point

• Versal unfolding of (GRS) ↪→ (GRS) of a Fuchsian equation (cf. [Ov])

⇒ spectral type (a tuple of partitions of n = ordP )



Example : spectral type 211|22|22, 31
Pu = 0 : ordP = 4 with x = ∞ (Poincaré rank 2) and 0 (regular singularity)

u(x) ≈ x−a0(1 + o(x−1))e−a1x− 1
2a2x

2

, x−a0−1e−a1x− 1
2a2x

2

(x → +∞)

≈ x−b0e−b1x, x−c0e−b1x (x → +∞)

≈ (1 + o(x2))xc1 , (x+ o(x))c1+1, xc1+2, xc2 (x → +0)

Fuchs-Hukuhara relation : 2a0 + b0 + c0 + 2c1 + c2 + c3 = 4
x = ∞ x = 0

[a0 + a1x+ a2x
2](2) [c1](3)

b0 + b1x c2
c0 + b1x

 =


x = ∞ (1) (2) x = 0
[a0](2) [a1]2 [a2]2 [c1](3)

b0 [b1]2 [0]2 c2
c0


idx(211|22|22, 31) = 0 ⇒ 1 (= 1− idx

2 ) accessory parameter ⇝ versal Heun, PIV
x = ∞ x = 1

t1
x = 1

t2
x = 0

[a0 − a1

t1
+ a2

t1t2
](2) [a1

t1
+ a2

t1(t1−t2)
](2) [ a2

t2(t2−t1)
](2) [c1](3)

b0 − b1
t1

[ b1t1 ](2) [0](2) c2
c0 − b1

t1





§ Index of rigidity and two operations (cf. [Of, Ov])

idxm = 2n2 −
∑

(n2 −m2
j,ν)−

∑
deg (λj,ν − λj,ν′) ·mj,νmj,ν′

= 2n2 −
∑(

n2 − (m
(r)
j,ν)

2
)

d1(m) = 2n−
∑(

n−mj,1

)
−

∑
deg (λj,ν − λj,1) ·mj,ν

= 2n−
∑(

n−m
(r)
j,1

)
(FC)

∑
mj,νλj,ν(0)− ordm+ 1

2 idxm :=
∣∣{[λ(r)

j,ν ](m(r)
j,1)

}
∣∣ = 0

# Accessory parameters = 1− 1
2 idxm (#=0⇔rigid, Pfaffian Eq. ⇒ 2−idxm)

Addition

u(x) 7→ v(x) = ϕ(x)u(x) ⇒ ∂ 7→ Ad(ϕ)∂ = ϕ ◦ ∂ ◦ ϕ−1 = ∂ − φ′

φ

Ad
(
(x− c)λ

)
∂ = ∂ − λ

x−c , ϑ 7→ Ad
(
xλ

)
ϑ = ϑ− λ, Ad(ϕ)−1 = Ad(ϕ−1)

Middle convolution : a microlocal operator

u(x) 7→ v(x) = ∂−µu =
1

Γ(µ)

∫ x

c

u(t)(x− t)µ−1dt (c : singular point, µ ∈ C)

Pu(x) = 0 ⇒ mcµ(P )v(x) = 0, mc−1
µ = mc−µ (mcµ(∂) = ∂, mcµ(ϑ) = ϑ−µ)

mcµ(P ) := ∂−L∂−µ(∂NP )∂µ ∈ W [x] (∂NP ∈ C[ϑ, ∂], largest L ∈ Z)



(⋆) :


x = c0 = ∞ x = c1 · · · x = cp

[λ0,1](m0,1) [λ1,1](m1,1) · · · [λp,1](mp,1)

...
... · · ·

...

[λ0,n0 ](m0,n0
) [λ1,n1 ](m1,n1

) · · · [λp,np ](mp,np )


mcµ : {[λj,ν ](mj,ν)} 7→ {[λ′

j,ν ](mj,ν)}, Pu = 0 7→ P ′v = 0 (P ′ = mcµ(P ))

Theorem. Suppose λ0,1 = 1 + µ (deg λ0,1 = 0), λ1,1 = · · · = λp,1 = 0

and other exponents are generic (mj,1 may be 0). Then ([DR, Of, Hi1])

m′
j,ν = mj,ν − δν,1 · d1(m) (1 ≤ ν ≤ nj , 0 ≤ j ≤ p),

λ′
j,1 = δj,0 · (1− µ) (j = 0, . . . , p),

λ′
j,ν = λj,ν +

(
deg λj,ν + (−1)δj,0

)
· µ (2 ≤ ν ≤ nj , 0 ≤ j ≤ p)

and the index of rigidity and the irreducibility are kept.

By suitable (versal) additions and transpositions of the indices, we may assume

(⋆) with (])
∑

r m
(r)
j,1 ≥

∑
r m

(r)
j,ν (j = 0, . . . , p, ν = 2, . . . , nj). Then

Theorem [Kz, Of,...]. If idxm > 0 ⇒ d1(m) > 0 ⇒ rigid Eq. is reduced to u′ = 0

Theorem [CB, Of, Hi2, ?]. If d1(m) ≤ 0 ⇒ m is irreducibly realizable (basic)

Theorem [Of, HO]. #{m | d1(m) ≤ 0, idxm = K} < ∞ (∀K ∈ Z)



(∂−µu)(x) = (Iµa u)(x) :=
1

Γ(µ)

∫ x

a

u(t)(x− t)µ−1dt

(a : a singular point of u(x))

Iµ0 (x
λ) =

1

Γ(µ)

∫ x

0

tλ(x− t)µ−1dt =
Γ(λ+ 1)

Γ(λ+ µ+ 1)
xλ+µ

◦ ∞•xĨµ∞(xλe−x) ∼ xλe−x
2F0(−λ, µ;− 1

x
) (|x| → ∞, | arg x| < 3π

2
)

pFq(α1, . . . , αp;β1, . . . , βq;x) :=

∞∑
n=0

(α1)n · · · (αp)n
(β1)n · · · (βq)nn!

xn

ex = 0F0(x), (1− x)−λ =

∞∑
n=0

(λ)n
n!

xn = 1F0(λ;x),

Iµ0
(
xλ · pFq(α1, · · · , αp;β1, . . . , βq;±x)

)
= xλ+µ Γ(λ+ 1)

Γ(λ+ µ+ 1)
· p+1Fq+1(α1, . . . , αp, λ+ 1;β1, . . . , βq, λ+ µ+ 1;±x)

Iµ0 (x
λe−x) =

Γ(λ+ 1)

Γ(λ+ µ+ 1)
xλ+µ · 1F1(λ+ 1;λ+ µ+ 1;−x) (Kummer)

Iµ0
(
xλ(1− x)λ

′)
=

Γ(λ+ 1)

Γ(λ+ µ+ 1)
xλ+µ · 2F1(λ+ 1,−λ′;λ+ µ+ 1;x) (Gauss)



§ Riemann-Liouville transform

(Iµ
a+eiθ0

u)(x) :=
1

Γ(µ)

∫ x

a+eiθ0

u(t)(x− t)µ−1dt =
1

Γ(µ)

∫
L

u(t)(x− t)µ−1dt

L : [α, β] 3 t 7→ L(t) ∈ C, L(α) = a, L(β) = x, θ = argL′(α),

L(s) 6= L(t) for α ≤ s < t ≤ β

•
•

a
◦
c

x
×
t

eiθ0

•
a

×
×
×

x

x t •
a

•x×t
•
a

×
x

×t

L̃ : [α, γ] 3 t → L̃(t) ∈ C, a = L̃(α) and c = L̃(γ),

L̃(s) 6= L̃(t) for α ≤ s < t < γ.

• u(x) is holomorphic for x = L̃(t0) (t0 ∈ (α, γ)), L := L̃|[α,t0]
Want to know the asymptotics of (Iµa u)(x) for t0 → α and t0 → γ

in terms of those of u(x).

• +∞
x0 × • +∞

x

0
× (x → +∞)(Ĩµa u)(x) :=

1

Γ(µ)

∫ a

x

u(t)(t− x)µ−1dt

(Ĩµa u)(x) = xµ−1 ·
(
Iµ1

a

x−µ−1u( 1x )
)
( 1x ) (a = eiθ∞ → 1

a = e−iθ0)



§ Riemann-Liouville transform (Main Theorem) (cf. [Of, Ov, Or])

(Iµ
eiθ0

u)(x) =
1

Γ(µ)

∫ x

eiθ0

u(t)(x− t)µ−1dt •
•

0
◦
c

x
×
t

eiθ0

(1.1) u(x) ∼
( ∞∑
n=0

anx
n
)
xλ (x→ eiθ0) (φ(x) := a0 + a1x+ · · · ∈ C[[x]])

⇒ (Iµ
eiθ0

u)(x) ∼ Γ(λ+ 1)

Γ(λ+ µ+ 1)

( ∞∑
n=0

(λ+ 1)nan
(λ+ µ+ 1)n

xn
)
xλ+µ

(1.2) u(x) ∼ φ(x)xλ exp
(
− C0

xm0 − C1
xm1 − · · ·

)
(x→ eiθ0) and ReC0e

−im0θ > 0

⇒ (Iµ
eiθ0

u)(x) ∼ (m0C0)
−µψ(x)xλ+(m0+1)µ exp

(
− C0

xm0 − C1
xm1 − · · ·

)
φ, ψ ∈ C[[x]], φ(0) = ψ(0), m0 > m1 > · · · > mk > 0 and mj ∈ Z>0

(2.1) u(x) ≈ (c− x)λ
′

(x→ c− eiθ
′
0) and Re (λ′ + µ) < 0

⇒ (Iµ
eiθ0

u)(x) ≈ Γ(−λ′ − µ)

Γ(−λ′)
(c− x)λ

′+µ ⇐ (Re (λ− λ′) > 0 ⇐ c = 0, (1.1))

(2.2) u(x) ≈ (c − x)λ
′
exp
( C′

0

(c−x)
m′

0
+

C′
1

(c−x)
m′

1
+ · · ·

)
(x → c − eiθ

′
0) and

ReC′
0e

−im′
0θ

′
> 0

⇒ (Iµ
eiθ0

u)(x) ≈ (m′
0C

′
0)

−µ(c− x)λ
′+(m′

0+1)µ exp
( C′

0

(c−x)
m′

0
+

C′
1

(c−x)
m′

1
+ · · ·

)
(2.3) lim

x→c−eiθ
′
0
u(x)(c− x)−Reµ = 0 ⇒ lim

x→c−eiθ
′
0
u(x) = (Iµ

eiθ0
u)(c− eiθ

′
0) ∈ C



§ Example (n−1Fn−1 : a confluence of nFn−1)

1
n|(n − 1)1, 1

n (n=2 ⇒ Kummer’s Eq.)

G
±

:=

 x = ∞ x = 0
1 − λ1,ν (1 ≤ ν < n) λ0,ν (1 ≤ ν ≤ n)

±x − λ1,n

 ( n∑
ν=1

λ0,ν =
n∑

ν=1

λ1,ν

)
Ad(x

−λ0,1 )−−−−−−−−−→

 x = ∞ x = 0
1 − λ1,ν + λ0,1 (1 ≤ ν < n) 0

±x − λ1,n + λ0,1 λ0,ν − λ0,1 (2 ≤ ν ≤ n)


mcλ0,1−λ1,1−−−−−−−−−−→

 x = ∞ x = 0
1 − λ1,ν + λ1,1 (2 ≤ ν < n) λ0,ν − λ1,1 (2 ≤ ν ≤ n)

±x − λ1,n + λ0,1


Ad(x

λ1,1−λ0,2 )−−−−−−−−−−−−→

 x = ∞ x = 0
1 − λ1,ν + λ0,2 (3 ≤ ν < n) 0

±x − λ1,n + λ0,1 + λ0,2 − λ1,1 λ0,ν − λ0,2 (3 ≤ ν ≤ n)


· · · Ad(x

λ0,n−1−λ1,n−2 )−−−−−−−−−−−−−−−−→
x = ∞ x = 0

1 − λ1,n−1 + λ0,n−1 0

±x − λ1,n + λ0,1 +

n−1∑
ν=2

(λ0,ν − λ1,ν−1) λ0,n − λ0,n−1


= G

±
2 :=

 x = ∞ x = 0
1 − λ1,n−1 + λ0,n−1 0
±x + λ1,n−1 − λ0,n λ0,n − λ0,n−1

 (Kummer)



G
±
2 =

 x = ∞ x = 0
1 − λ1,n−1 + λ0,n−1 0
±x + λ1,n−1 − λ0,n λ0,n − λ0,n−1

 (Kummer)

mcλ0,n−1−λ1,n−1−−−−−−−−−−−−−−→
{

x = ∞ x = 0
±x + λ1,n−1 − λ0,n λ0,n − λ1,n−1

}
3 x

λ0,n−λ1,n−1e
∓x

G
±
2

x 7→−x−−−−−→ G
∓
2 =

 x = ∞ x = 0
1 − λ1,n−1 + λ0,n−1 0
∓x + λ1,n−1 − λ0,n λ0,n − λ0,n−1


Ad(e∓x)−−−−−−→

 x = ∞ x = 0
±x + 1 − λ1,n−1 + λ0,n−1 0

λ1,n−1 − λ0,n λ0,n − λ0,n−1


mcλ1,n−1−λ0,n−1
−−−−−−−−−−−−−−→

{
x = ∞ x = 0

±x + 1 − λ1,n−1 + λ0,n−1 λ1,n−1 − λ0,n−1 − 1

}

G
±

:=

 x = ∞ x = 0
1 − λ1,ν (1 ≤ ν < n) λ0,ν (1 ≤ ν ≤ n)

±x − λ1,n


G+ : u∞,x−λ1,n(x) = Ad(xλ0,1)Ĩ

λ1,1−λ0,1
∞ Ad(xλ0,2−λ1,1)Ĩ

λ1,2−λ0,2
∞ · · ·

· · ·Ad(xλ0,n−1−λ1,n−2)Ĩ
λ1,n−1−λ0,n−1
∞ (xλ0,n−λ1,n−1e−x)

≈ xλ1,ne−x (|x| → ∞, | arg x| < 3π
2
),

u±
∞,1−λ1,ν

(x) ≈ (e±πix)λ1,ν−1 (|x| → ∞, | arg x± π| < 3π
2
),

u0,λ0,ν (x) ≈ xλ0,ν (x→ 0) (⇐ Ĩµ∞ 7→ Iµ0 )



Connection formula: In = {1, . . . , n}, Jn−1,m = {1, . . . , n − 1} \ {m}

u
±
∞,1−λ1,m

(x) =

n∑
k=1

cΓ(∞ :1 − λ1,m ⇝ 0:λ0,k)e
±λ0,kπi

u0,λ0,k
(x)

∼ (e
±πi

x)
λ1,m−1 · nFn−2({λ0,ν−λ1,m+1}ν∈In ; {λ1,ν−λ1,m+1}ν∈Jn−1,m

;− 1

e±πix
) ≈ (e

±πi
x)

λ1,m−1
(|x| → ∞, | arg x ± π| < 3π

2 )

u∞,x−λ1,n
(x) =

n∑
k=1

cΓ(∞ :x − λ1,n ⇝ 0:λ0,k)u0,λ0,k
(x) ≈ x

λ1,ne
−x

(|x| → ∞, | arg x| < 3π
2 )

u0,λ0,k
(x) =

n∑
m=1

cΓ(0 :λ0,k ⇝∞ :1 − λ1,m)e
±(1−λ1,m)πi

u
±
∞,1−λ1,m

(x)

+ cΓ(0 :λ0,k ⇝∞ :x − λ1,n)e
±(λ1,n−λ0,k)πi

u∞,x−λ1,n
(x)

= x
λ0,k

n−1Fn−1

(
{λ0,k − λ1,ν + 1}ν∈Jn−1

; {λ0,k − λ0,ν + 1}ν∈In,k
;−x

)
Stokes relations:

e
∓(λ1,m−1)πi · u±

∞,1−λ1,m
(e

∓2πi
x) − e

±(λ1,m−1)πi · u±
∞,1−λ1,m

(x)

= ±2πi · cΓ(∞ :1 − λ1.m ⇝∞ :x − λ1,n) · u∞,x−λ1,n
(x),

e
−λ1,nπi · u∞,x−λ1,n

(e
πi

x) − e
λ1,nπi · u∞,x−λ1,n

(e
−πi

x)

= −2πi

n−1∑
m=1

cΓ(∞ :x − λ1,n ⇝∞ :1 − λ1,m) · u±
∞,1−λ1,m

(e
∓πi

x)

n = 2 ⇒ 2F0(α, β;− 1

e±πix
) − 2F0(α, β;− 1

e∓πix
) =

2πixα+β−1e−x

Γ(1 − α)Γ(1 − β)
2F0(1 − α, 1 − β;− 1

x )



Γ-factors:

cΓ(∞ :1 − λ1,m ⇝ 0:λ0,k) =

∏
ν∈In,k

Γ(λ0,ν − λ0,k)
∏

ν∈Jn−1,m
Γ(λ1,ν − λ1,m + 1)∏

ν∈In,k
Γ(λ0,ν − λ1,m + 1)

∏
ν∈Jn−1,m

Γ(λ1,ν − λ0,k)

cΓ(∞ :x − λ1,n ⇝ 0:λ0,k) =

∏
ν∈In,k

Γ(λ0,ν − λ0,k)∏
ν∈Jn−1

Γ(λ1,ν − λ0,k)

cΓ(0 :λ0,k ⇝∞ :1 − λ1,m) =

∏
ν∈In−1,m

Γ(λ1,m − λ1,ν)
∏

ν∈In,k
Γ(λ0,k − λ0,ν + 1)∏

ν∈Jn−1,m
Γ(λ0,k − λ1,ν + 1)

∏
ν∈In,k

Γ(λ1,m − λ0,ν)

cΓ(0 :λ0,k ⇝∞ :x − λ1,n) =

∏
ν∈In,k

Γ(λ0,n − λ0,ν + 1)∏
ν∈Jn−1

Γ(λ0,k − λ1,ν + 1)

cΓ(∞ :x − λ1,n ⇝∞ :1 − λ1,m) =

∏
ν∈Jn−1,m

Γ(λ1,ν − λ1,m + 1)∏
ν∈In

Γ(λ0,ν − λ1,m + 1)

cΓ(∞ :1 − λ1,m ⇝∞ :x − λ1,n) =

∏
ν∈Jn−1,m

Γ(λ1,m − λ1,ν)∏
ν∈In

Γ(λ1,m − λ0,ν)

Irreducible ⇔ λ0,k − λ1,m /∈ Z (1 ≤ k ≤ n, 1 ≤ m < n)

Kummer Whittaker
x = ∞ 0
1− λ1,1 λ0,1

x− λ1,2 λ0,2

 ×x
−λ0,1ex−−−−−−−→


x = ∞ 0

−x+ γ − α 0
α 1− γ

 ×x
γ
2 e

− x
2−−−−−−→


x = ∞ 0
−x

2
− k 1

2
−m

x
2
+ k 1

2
+m





§ Middle convolution of versal unfolding (Pfaffian form)

du

dx
=

( p∑
j=1

rj∑
i=1

Aj,i

(x− aj)i
−

r0∑
i=2

A0,ix
i−2

)
u (Aj,i ∈ MN (C)) (∗)

Definition. Versal unfolding of (∗)：

dũ

dx
=

( p∑
j=1

rj∑
i=1

Ãj,i(a)

(x− aj,1)(x− aj,2) · · · (x− aj,i)

−
r0∑
i=2

Ã0,i(a)x
i−2

(1− a0,2x)(1− a0,3x) · · · (1− a0,ix)

)
ũ

(∗∗)

(∗) ⇐ [aj,i 7→ aj (a0 = 0)]

index of rigidity is stable under the parameter (keeps rigidity)

index : 2N2 −
∑
j≥0

(N2 − dimZMN (C)Cj) for
du

dx
=
∑
j≥1

Cj

x− aj
u, C0 := −

∑
j≥1

Cj

Assumption. (∗) is transformed into Hukuhara-Turrittin-Levelt’s normal form by

GL(N,C[[x]]aj
) (⇒ without ramified irregular singularities)



Conjecture. (∗) : irreducible ⇒ ∃! versal unfolding
(irreducible ⇔ no non-trivial subspace V of CN with Aj,iV ⊂ V )

Theorem [Oc, Ov]. ∃ middle convolution of versal unfolding

⇒ Conjecture is stable under middle convolutions

Corollary. (∗) : rigid ⇒ Conjecture is true (True in general by Hiroe)

Example:
du

dx
=

A1u

x− a1
+

A2u

(x− a1)(x− a2)
+

A3u

(x− a1)(x− a2)(x− a3)

MCµ−−−→ dû

dx
=

(
A1+µ A2 A3

0 µ 0
0 0 µ

)
x− a1

û+

(
0 0 0

A1+µ A2+(a2−a1)µ A3

0 µ (a3−a1)µ

)
(x− a1)(x− a2)

û

+

(
0 0 0
0 0 0

A1+µ A2+(a3−a1)µ A3+(a3−a1)(a3−a2)µ

)
(x− a1)(x− a2)(x− a3)

û,

K := KerK, K :=

(
A1 A2 A3
A2 A3+(a2−a1)A2 (a3−a1)A3

A3 (a3−a1)A3 (a3−a1)(a3−a2)A3

)
,

L := {t(v, 0, 0) ∈ C3N | (A1 + µ)v = 0}

=⇒ mcµ := MCµ

∣∣
C3N/(K+L)



Theorem [Oc].

qi(x) :=
1∏i

ν=1(x− aν)
, q :=

q1IN...
qrIN

∈M(rN,N),

du

dx
=

r∑
i=1

Ai

(x− a1) · · · (x− ai)
u =

r∑
i=1

Aiqiu, Ai ∈M(N,N ;C(a))

dû

dx
= q(A1, . . . , Ar)û+ µDr(a)û =

r∑
i=1

Âiqiû, Âi ∈M(rN, rN ;C(a) + µC(a))

Dr(a) =

r∑
k=1

Dr,k(a)qk(x), Dr,k(a) =
(
Dr,k,i,j(a)IN

)
1≤i≤r
1≤j≤r

,

Dr,k,i,j(a) =


0 (L < 0 or i < j or i < k),

1 (L = 0),∑
0≤ν1≤ν2≤···≤νL≤i−k

L∏
p=1

(ai−νp − aνp+p) (L > 0, i ≥ j, i ≥ k)

L := k + j − i− 1.

(
qi(x), û =

(
Iµc q1(x)u.

.

.
Iµc qr(x)u

)
, Dr,k,i,j(a)

)
↔ [DR] :

(
1

x−ai
, û =

 Iµc
u

x−x1...
Iµc

u
x−xr

 , δk,iδi,j
)



§ Versal unfolding of systems with several variables

du

dx
=

p∑
j=1

Aj

x− aj
u (Aj ∈MN (C)) (?)

(?) : rigid ⇒ (?) → extended to KZ (Knizhnik-Zamolodchikov) equation:

∂u

∂xi
=

∑
ν ̸=i

0≤ν≤p

Ai,ν

xi − xν
u (x0 = x, xj = aj , A0,ν = Aν , i = 0, . . . , p) (??)

Ai,i = 0, Ai,j = Aj,i, [Ai,j , Ak,ℓ] = [Ai,j , Ai,k +Aj,k] = 0 (#{i, j, k, `} = 4)

⇐ middle convolution mcµ of (?) is extended to (??) (Haraoka [Ha])

du

dx
=

( p∑
j=1

rj∑
i=1

Aj,i

(x− aj)i
−

r0∑
i=2

A0,ix
i−2

)
u (x0 = x, xj = aj) (∗)

Rigid system (∗) with unramified irregular singularities

⇒ versal unfolding (∗∗) is rigid Fuchsian system if singular points aj,ν are generic

Theorem [Oc]. KZ eq. with generic singular points of versal unfolding (Fuchsian)

⇒ KZ eq. is holomorphically extended to confluent points (aj,ν → xj = aj)

⇒ rigid system (∗) is extended to confluent KZ Eq.



middle convolution of (⋆⋆) : mcµ(Ai,j) := Ãi,j

∣∣
CpN/(K+L)

Ã0,j =



j

0 · · · 0 · · · 0

.

.

. · · ·
.
.
. · · ·

.

.

.

j A0,1 · · · A0,j + µ · · · A0,p

.

.

. · · ·
.
.
. · · ·

.

.

.

0 · · · 0 · · · 0


∈ M(pN, C) (1 ≤ j ≤ p)

K := KerK, K := Diag(A0,1, . . . , A0,p),

L = KerL, L := −(Ã0,1 + · · · + Ã0,p)

by Dettweiler-Reiter [DR],

Ãi,j =



i j

Ai,j

.
.
.

i Ai,j + A0,j −A0,j

.
.
.

j −A0,i Ai,j + A0,i

.
.
.

Ai,j



∈ M(pN, C)
(1 ≤ i < j ≤ p)

by Haraoka [Ha]



Example (versal unfolding/confluence of KZ Eq. (cf. [Oc]))

∂u

∂x0
=
( A01

x0 − x1
+

A02

(x0 − x1)(x0 − x1 − e2)
+

A03

x0 − x3

)
u,

∂u

∂x1
=
( A10

x1 − x0
− A20

(x1 − x0)(x1 − x0 + e2)

+
A13

x1 − x3
− A23

(x1 − x3)(x1 − x3 + e2)

)
u,

∂u

∂x3
=
( A30

x3 − x0
+

A31

x3 − x1
+

A32

(x3 − x1)(x3 − x1 − e2)

)
u,

Ai,j = Aj,i (0 ≤ i < j ≤ 3), (x0, x1, x1 + e2, x3) = (x, a1, a2, a3)

MCµ−−−→

Â01 =

A01 + µ A02 A03

0 µ 0
0 0 0

 , Â02 =

 0 0 0
A01 + µ A02 + e2µ A03

0 0 0

 ,

Â03 =

 0 0 0
0 0 0
A01 A02 A03 + µ

 , Â13 =

A13 +A03 0 −A03

0 A13 +A03 0
−A01 −A02 A13 +A01

 ,

Â23 =

 A23 0 0
A03 A23 + e2A03 −A03

−A02 −e2A02 A23 +A02

 {
Ai,j ∈ C ⇒ Appell’s F1

21, 21, 21, 21 → 21|21, 21, 21



§ Hierarchy of rigid quartets (cf. [Of, Ot]){
Rigid Fuchsian ODE with p+ 1 singular points {0, 1,∞, y1, . . . , yp−2}

}
↪→
{
HG Eq. with (p− 1)-variables (x, y1, . . . , yp−2)

}
(p = 3)

↪→
{
KZ Eq. on {(x0, . . . , xp+1) | xi ∈ P1}

}
(x0, x1, . . . , xp+1) = (x, y1, . . . , yp−2, 0, 1,∞)

(m0,1 · · ·m0,n0 , · · · ,mp,1 · · ·mp,np) : spectre type (p+1 tuples of partitions of ordm)

21, 21, 21, 21

31, 22, 31, 211

31, 22, 22, 22

41, 32, 311, 311

41, 41, 221, 221

41, 32, 32, 221

32, 32, 32, 32

51, 222, 33, 411

33, 42, 33, 411

42, 33, 411, 411

51, 33, 411, 3111

51, 51, 222, 2211

411, 42, 411, 411

51, 42, 321, 321

51, 42, 33, 2211

51, 33, 33, 222

42, 42, 42, 321

42, 33, 33, 33

<<

""

==
55

%%

%%

33

//

::

''
''

//

����**

��

��

����

��

11, 11, 11 21, 111, 111 22, 211, 1111

31, 1111, 1111

211, 211, 211

31, 31, 31, 31, 31

��

// //

%%

99

**

��

++

H2 H3

H4

EO4

F1

F2, F3

F4

FD

I5

J5

P4,5

I6

J6

P4,6

#parameters=
∑(

# blocks at sing. point−1
)



§ HG with two variables corresponding to KZ Eq’s (cf. [Ot])

Ai,p+1 := −
p∑

ν=0

Ai,ν (at ∞), Ai1,...,ik :=
∑

1≤µ<ν≤k

Aiµ,iν

[AI , AJ ] = 0 (I ⊂ J or I ∩ J = ∅)
A0,...,p+1 = AK−A{0,...,p+1}\K (K ⊂ {0, . . . , p})

= κ (: scalar ⇐ Irred.)

p = 3 : (x0, x1, x2, x3, x4) ↔ (x, y, 0, 1,∞)

[A0,2 +A1,3] ⇐ [A0,2 : A1,3] (conj. class)

[A0,1 +A0,2 +A1,2] = [A0,1,2] = [κ+A3,4]

[A0,1 +A0,2] = [A0,1,2 −A1,2] = [κ+A3,4 −A1,2]

[A0,2, A1,3] = [A3,4, A1,2] = 0

A1,2

A0,1

A1,3

A1,4

A0,2 A0,3 A0,4

x=yx=1x=0 x=∞

y=1

y=0

y=∞

pp

pp

��
��

//

••

•

In general, the Fuchsian ODE satisfied by xi (i ≥ 1) is not rigid (rigid ⇝ non-rigid)

∃ Series expansion of (xi, xj) around {xi = xi′ , xj = xj′} (#{i, i′, j, j′} = 4, cf. [KO])

#Rigid spectral types corresponding to the same KZ Eq. with p = 3 and order N

N → 3 4 5 6 7 8 9 10 11 12 13 14

rigid ODE 1 2 4 11 16 35 58 109 156 299 402 658

same KZ 0 0 1 1 2 4 9 12 18 31 47 68

KZ Eq. 1 2 3 10 14 31 49 97 138 268 355 590



§ Example (Appell’s F4) (cf. [Oh, Ot])
t∞ t0 ty t1 tx idx

t∞ 211 22 211 22 −4

t0 211 22 211 22 −4

ty 22 22 22 31 2

t1 211 211 22 22 −4

tx 22 22 31 22 2

31,22,22,22 : rank= 4, 4 parameters,
(18 · 21) → F1 : 21, 12, 12, 12

= 10, 01, 01, 01⊕ 21, 21, 21, 21 (8)
= 2(20, 11, 11, 11)⊕ (−1)1, 00, 00, 00 (1)
31, 22, 22|22 31, 22|22|22 (confluence)
a+ b+ c+ d+ e = 0(= 3

2
) (Fuchs condition)

A01 A02 A03 A04 A12 A13 A14 A23 A24 A34

x = y x = 0 x = 1 x = ∞ y = 0 y = 1 y = ∞ t0 = t1 t0 = ∞ t1 = ∞
[0]3 [0]2 [0]2 [d]2 [0]2 [0]2 [d]2 [−b− c]2 [a+ c]2 [a+ b]2
2a [b]2 [c]2 [e]2 [b]2 [c]2 [e]2 2d 2c 2b

2e 0 0


(x0, x1, x2, x3, x4)= (tx, ty , t0, t1, t∞) = (x, y, 0, 1,∞)

H1 +DF : [01] (Dotsenko-Fateev’s Eq. 1
3
, 1

3
, 1

3)

2H2 : [02], [03], [04], [12], [13], [14]

2H1 +H2 : [23], [24], [34]

u(x, y) = F4

(
α, β; γ, γ′;xy, (1− x)(1− y)

)
[Ka],

b = 1− γ, c = −γ′, d = α, e = β

{d, e, b+ d, b+ e, c+ d, c+ e, b+ c+ d, b+ c+ e}
(8) ∩ Z = ∅ (⇔ irred.)

(1) 2a ∈ Z : u(x, y) = F (α, β, γ;x) · F (α, β, γ; y)
14 14

14

14

14

14

14

14
14

14

14

14

14

14

14 [01]

[02]

[03]
[04]

[12][13]

[14]

[23]

[24]

[34]



§ A Kac-Moody root system (Fuchsian case) (cf. [CB, Of])
(α|α) = 2 (α ∈ Π), (α0|αj,ν) = −δν,1,

(αi,µ|αj,ν) =

{
0 (i 6= j or |µ− ν| > 1)

−1 (i = j and |µ− ν| = 1)

α0 α1,1 α1,2
· · ·

α2,1 α2,2
· · ·

α0,1 α0,2
· · ·

α3,1 α3,2
· · ·

W := 〈sα : x 7→ x− (α|x)α | α ∈ Π〉 : Weyl group

∆re
+ : positive real roots ∆+ = ∆re

+ ∪∆im
+

∆im
+ : positive imaginary roots

{Pu = 0 with {λm}, (FC)} π→ {(Λ(λ), αm) ∈ h∨ × ∆+, (FC)}

↓ u 7→
{
∂−µu

(x − cj)
λju

⟳ ↓
{
sα (α ∈ Π) : reflections

+λjΛ
0
0,j

{Pu = 0 with {λm}, (FC)} π→ {(Λ(λ), αm) ∈ h∨ × ∆+, (FC)}

{λm} =

{
x = cj

[λj,ν ](mj,ν)

}
{(mj,ν)}

∼→
∑

α∈Π Zα

αm := (ordm)α0 +
∑

j≥0, k≥1

∑
ν>kmj,ναj,k (Crawley-Boevey [CB])

∆+ := {α | α ∈ ∆+, suppα 3 α0} ∪ {kα | α ∈ ∆im
+ , (α|α) < 0, k = 2, 3, . . .}

Λ(λ) = −Λ0 −
∑

j≥0

∑
ν≥1

(∑
1≤i≤ν λj,i

)
αj,ν ∈ h∨ :=

∏
α∈Π Cα/CΛ0

Λ0 := 1
2
α0 +

1
2

∑
j≥0

∑
ν≥1(1− ν)αj,ν

Λj,ν :=
∑

i>ν(ν − i)αj,i (j = 0, . . . , p, ν = 0, 1, 2, . . .)

Λ0 := 2Λ0 − 2Λ0,0, Λ0
j,k := Λj,0 − Λk,0

FC : |{λm}| = (Λ(λ) + 1
2
αm|αm) = 0, idxm = (αm|αm)

Theorem [CB, Of]. {λm} with (FC) is irreducibly realizable ⇔ αm ∈ ∆+



Suppose m is a rigid Fuchsian spectral type

∃!wm ∈ W such that wmαm = α0 with the minimal length

∆(m) := ∆re
+ ∩ w−1

m ∆re
−

{
x = cj

[λj,ν ](mj,ν)

}

Theorem [CB, Of]. Pu = 0 is irred. ⇔
∑

λj,νm
′
j,ν /∈ Z (∀αm′ ∈ ∆(m))

Theorem [Of]. Suppose m0,n0
= m1,n1

= 1, c0 = 0, c1 = 1.

c(0 : λ0,n0
⇝1 : λ1,n1

) =

n0−1∏
ν=1

Γ
(
λ0,n0

− λ0,ν + 1
)
·
n1−1∏
ν=1

Γ
(
λ1,ν − λ1,n1

)
∏

α
m′∈∆(m)

m′
0,n0

=1

m′
1,n1

=0

Γ
(
|{λm′}|

)
·

∏
α
m′∈∆(m)

m′
0,n0

=0

m′
1,n1

=1

Γ
(
1 − |{λm′}|

)
·

p∏
j=2

(1 − 1
cj

)
−Lj

Theorem [Of]. Any contiguous relation of Pu = 0 is constructed (∃ algorithm).

Basic spectral types with idx = 0 ((\), d1(m) ≤ 0, (αm | αm) = 0)
D̃4 : 11, 11, 11, 11 11|11, 11, 11 11|11, 11|11 11|11|11, 11 11|11|11|11
Ẽ6 : 111, 111, 111 111|111, 111 111|111|111
Ẽ7 : 1111, 1111, 22 1111|1111, 22 1111, 1111|22 1111|1111|22
Ẽ8 : 111111, 222, 33 111111|222, 33 111111|33, 222

Example with idx = 6− 2p : 11|11| · · · |11 ((p+ 1) copies of 11) Gauss, Heun,. . . [Ov]

P̃ =

p∏
j=1

(
1 − tjx

)
∂
2
+

( p∑
j=1

λjx
j−1

)
∂ + µ

(
λp − (−1)

p
(µ + 1)

p−1∏
j=1

tj
)
x
p−2

+

p−3∑
j=0

rjx
j



List of basic spectral types with idx = −2 (cf. [HO])
a
·

1− a
·

1− a
·

a
·

11|11|11, 11|11

(a ∈ Z)

1− a
·

1− a
·

1

a
·

a
·

11|11, 11|11, 11

(a ∈ Z)
2− a

·
2− a
·

1 a 1

a− 1
·

111|21, 111|21

(a ∈ Z)
2− a 2− a

·
1 a

·
a

22|22, 211|22
(a ∈ Z)

a b 2− a− b

1− a
·

1− b
·

a+ b− 1
·

111|111, 111|21

(a, b ∈ Z)
a− 1

·
a 2 3− a 2− a

·

1

(a ∈ Z)
22|22, 1111|31

1
·

1
·

11|11|11|11|11

2 2
·

1

211|22|22|22

1 1
·

1

111|111|21|21

1
·

1
·

1

11|11|11|11, 11

2
·

1

1

1

1

1

2 4 2
·

1

2

2

21 3 2 1

1
·

1
·

1
·

4 3 2 1

2

2

2
·

4 6 4 2

4
2

1

1 2 3 4 3

2
·

2 1

1

2
·

1 4 6 8 6

4

4 2 2 3 4 5 6 4 2
·

1 1

3

4 6 8 10 12 8 42
·

6

1 1 2 3 4 5 4 3 2 1

2
·

1 2 3 4 5 6 7 8

4

5 2
·

1
·

4 7 10 8 6 4 2

5

1
·

3 5

3
1·

4 3 2 1
2
·

2

2
1

2211|222|222
211|22|22, 22
22|22|22, 211

2
2

1
·

1
1

11111|221|221
111|21|21, 111
1111|22|22, 31

2
·

2

2 2

1

22211|2222|44
22|22, 22, 211
22|22, 211|22

2 2

2 1
·

1

1

211111|2221|43
1111|22, 22, 31
21|21, 111, 111

2 1
·

2 1
·

1

1

111111|2121|33
111|21|21, 21, 111

3 2

2 1
·

21

111122|3122|44
1111|31, 22, 22
22|22, 31, 1111

1 · 1

1 1·

1

11111|11111|32
11|11, 11, 11, 11
111|111, 21, 21

1
·

1

1 1
·

1111|1111|211
11|11|11, 11, 11
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