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Abstract : A g-analogue of the Painlevé equation can be obtained by connection preserving
deformations. Jimbo and Sakai found a g-analogue of the sixth Painlevé equations by con-
nection preserving deformations of a ¢-difference equations. We study the space of connection
data of ¢-linear equations, which is a ¢g-analogue of the Fricke cubic. We give a connection
between connection data and a solution of ¢-Painlevé equations.
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1. Painlevé equations, isomonodromy, asymptotics -1/33-
The Painlevé equations are obtained by isomonodromic deformations

e The ‘moduli’ space of connections gives an initial values spaces

e The space of monodromy /Stokes data becomes a cubic surface
(Fricke, ..., Saito-van der Put)

e The Riemann-Hilbert correspondence

e Asymptotic expansion of Painlevé transcendents gives a monodrom;
Stokes parameters (Jimbo, Kapaev, ... )

The sixth Painlevé equation Py

o1 1+ 1 N 1 2 1+ 1 n 1 ,
o= 2\y y—1 y—t Y t t—1 y—t Y
yly — 1)y — 1) t t—1 t(t —1)
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is given by isomonodromy deformation of a 2 x 2 system.



1.1 Isomonodromy deformation -2/33-

oY [A(t) | Alt) | A(D) _
9 ( . +x—t+:c—1 Y = A(z,t)Y
oy _ _At(t)y
ot x—t
Theorem We set Ay = k(z — y(t)). y(t) satisfies Py; for
1 1 1 1
a =50 =1 B=—500- 1%y =50 -1 0=5(1-6).

1
A; € SL(2,C), the eigenvalues of A, : iiej'

Ag(t) + Ai(t) + A1 (t) = _% (900 —900>

The monodromy matrices My, M;, M7, M, satisty
Mo My MMy = 1.



1.2 Jimbo’s P6 asymptotics

Known asymptotics of equations are related to the linear monodromy data:

Example: Jimbo’s sol for P6 [Publ. RIMS, 18 (1982).]
Zt” Z "

Here ¢y, is written by the Gamma function on pj; and

1
O = —arcos (%) , Dk =tr M;My, (5, k=0,1,1)

™

Monodromy invariants
py i=tr M, = 2cos20,, p,, :=tr M,M,.
The Fricke relation:
Po1Pupi0 + Doy + D + Pio — @o1Po1 — a1P1e — QuoPio + oo = 0.

ai; = pipj + o ({4,7,k, 1} = {0,t,1,00}),
= pa+ Pt + pf + ph + Popipipe — 4.



1.3 Other Painlevé equations —4/33-
All linear equations are 2x2 systems

Y
P1, P2 Y = (A+ Bz + Cz%) Y(x)
x
& C is nilpotent for P1
dY A
P4 — = (——I—B+C’x> Y (x)
dx T

& when C' is nilpotent, P34
dy A B
p3 (L 42 Y
3 o <x2 + . +C’x> ()
& A, C may nilpotent for D7, Dg
dy A B
P — == Y
5 o (x+x—1+c> (x)
& when C' is nilpotent, deg-P5 ~ P3
dYy A B C
P6 = (— + + ) Y (x)

%_ r x—1 x—1t




1.4 P1: v/ =6y +1 5/33-

Isomonodromy deformation — = A(z,t)Y
2

42 4+t + 212 dyz? 4+t + 297 , 1.,01
— — (2 —

Y (2) ~ exp {(%f +1z) (é —01)]

as |z| — oo, argz € (Z(k — 32), Z(k + 3)).
Stokes data
Sk =Y, (2)Yin(2)
The cyclic relation: 5759535155 = (? é) If 1+ s9s3 75 0,

71— S3 71— S9
- Y 84 - Y
1+ 35953 1+ 5983

S1

o If 1 +5953=0,80=583=1, S5=0, 81+54=1.

e For real solution (y, z are real when ¢ is real) sy = —3s.



1.4.1 Boutroux transformation of P1: v" = 6y® + ¢

. 4 .
y = (G_mt)l/QU, T = g(e—wzt)5/4

P1 is written in ‘almost elliptic’ form

v/ =6v:+ 1+ S
a 2512 g’
Lt L jeexp(—ih) + bexp(ih)]
v~y —— a ex —1 expi? X
V6  \/b5x P P

(2)1/8 o P <2>1/8 V2 P
a= |- —,)eXp—, b=—1{- exp —.

3 s3I'(ip) 2

2\ 11 5 3
=2| = 1 —plog2+ -pl —
h (3) x+pog5x+4pog —i—4pog3+ 1

1
p =5 log(l+ s2s3),

-6/33-

Remark By the Boutroux transformation, v is irregular singular of the

Poincaré rank 1 at ©x = c©



1.5 The Riemann-Hilbert Problem ~7/33-

The Riemann-Hilbert correspondence
{ The space of connections } = { The space of monodromy data }

is highly transcendental.

1) We know the Riemann-Hilbert correspondence is one-to-one, if we set the
both spaces suitably.

2) When the linear equation is rigid, we can determine monodromy/Stokes
data algebraically.

3) When the linear equation with accessary parameters has isomonodromy
deformations, we can calculate monodromy/Stokes data by asymptotic anal-
ysis.

Remark. additive Eg, F7, Es Painlevé equations do not have continuous deformations.

Problem : How about ¢g-analogue ?



2. ¢-Pvy1 by Jimbo-Sakai -8/33-

A g-analogue of the sixth Painlevé equation

yy _ (E=bit)(z—bt) 2z (y—at)(y —ast)
a3y (2 — bg)(z — b4) ’ b3by (y — ag)(y — a4) ’

b1bo a1a2

bg b4 a3y '

Connection Preserving Deformation (CPD)
2 x 2 system of ¢-difference equation (0 < |¢| < 1)

Y(qw,t) = A(x,t)Y (z,t) = [Ag + vA; + Ay2?®|Y (1, 1),
Y (z,qt) = B(z,t)Y (z,1).
B(z,t) = (& — gl (@ — and) (xI + By(t)).
The compatibility:  A(x, gt)B(x,t) = B(qz,t)A(z,1).

- The eigenvalues of A is p; and ps.
- Ay = diag(kq, ko)

~det A(x,t) = Kiko(x — art)(x — ast)(x — az)(x — ay).



2.1 Connection data -9/33-
The connection matrix P(z) is
Yoo(z,t) = Yo(z,t)P(z,t)
and P(z,t) is a g-constant
P(zq,t) = P(x,t), P(x,tq) = P(x,t).

Although P(x) is not a constant matrix, P contains a finite number of param-
eters.

G. D. Birkhoff studied a g-analogue of Riemann-Hilbert problem ( Riemann-
Hilbert-Birkhoff correspondence)

Consider the space of connection matrices
Study asymptotic expansion of ¢-Py;

Remark. The asymptotic expansion is studied by Mano.



2.2. Basic notations -10/33-
0) ¢g-shifted factorial:

n

(ala ceey Qg Q)n = H(ai; Q)na (CL; Q)n = (1 - a)(l - qa) T (1 - qn—la).

i=1
1) Theta function:

Z ¢ VP = (g, —2, —q/2; )

n=—oo

e.(x) == , for c € C*
First order difference equation:
20y(xq) = 04(x), ec(zq) = cec(x), (1 —ar)(arq; o = (a2;¢)oo
2) generalized ¢-hypergeometric series:

rPs (ala-- aT;bla--' bS;Q7 )

_Z bl‘“ a)z = [(_1)%(2)}1“_%”.




2.2. Birkhofft’s Riemann-Hilbert correspondence  -11/33-
We start from a ¢-difference equation of size r:
V(gr) = A@)Y (),
Alx) = Ag+xAy + -+ 2V Ay

We assume that the eigenvalues of Ay is py, ..., pr(# 0) [regular singular|
and non-resonance condition

pilor & 4"
if 7 # k. We also assume that
K1 0 0
Ay=10 "-. 0
0 0 &k,

K1y fir(#£ 0) and k;/kx & % (5 # k).
We assume that det A(z) has simple zeros ay, ..., a,y s.t. a; # ap (j # k):

det A(z) = K1k - k(. —ap)(x — ag) -+ (z — apn)



Local solutions around x =0 and z = oo: -12/33~

epl(x) 0 0
Yo(x) = L(z) | 0 - 0 |,
0 0 e (z)
and
e, () 0 0
Yoo(z) = 0(x) " R(z) | 0 0
0 0 e (z)
Here N .
L(z) = Z Ljv!, R(r)= Z Rz,
=0 =0

diag(pt, ..., pr) = Ly ' Ao L.
In general, we assume that Ry = [, and det Ly = 1.

Definition 1. We define the connection matrix P(z) as
Yoo(x) = Yy(z) P(x).

* In the g¢-difference case, P(x) is an elliptic function, not constants.



We obtain ~13/33-
1

ey (x) 0 0 1 ee, () 0 0
P)=0)"| 0o . 0 L) 'R(x)| o . 0
0 0 e, (z) 0 0 e (x)

L(x)~! and R(z) is holomorphic on C* and all of matrix elements of P(z) are
elliptic:
P(zq) = P(x), P(ze*™) = P(x).
Therefore L(z)"'R(x) are holomorphic of degree N.
We set [pij(z)] = L(z)"'R(z). Then we have

i R
pz’j(9562 ) = pz’j(l'); Pz‘j(l‘Q) = xNﬁpij(x)-

Lemma 2.

N

o k
pij(@) = [] 0(a/c),

k=1

where

N .
[ -1
k=1 Pi



The set of Birkhoff’s parameters is ~14/33-

o. (k)
{pij7 Cij }

The order of the set is r2 + (N — 1)r?.
Yy and Y, have ambiguity of the right action of diagonal matrices.

Theorem 3. (Birkhoff, 1914) The number of essential parameters of the
connecton matriz P(x) is

P24+ (N = 1) — (2r —1) = Nr? — 2r + 1.

The number of parameters of the equation A(z) is
Nr? —r.

But A(z) also admits adjoint action by a diagonal matrix, The number of
essential parameters of the equation A(x) is

[Nr? — 7] — (r — 1) = Nr* —2r + 1.



2.3. Examples -15/33-

1) When r = 1, Nr? —2r +1 = N — 1. (1st order difference equation).
This parameter corresponds to a;---ay_1ay = pmfl.

2) Whenr =2, N =1, Nr> —2r +1 = 1 (basic hypergeometric function).
Y(qr) = (Ao + A12)Y (2)

Ay = diag(ky, k2),det(Ag + A1) = K1ka(x — ar)(z — a9).

g TR kw
T \mwTt oy = ke

In above two cases, the connection matrix is completely determined by expo-
nents. In this sense, they are rigid systems.

3) Whenr =2, N =2, Nr?2 —2r +1 =5 (¢-Pv1).
This parameter corresponds to ajasazas = p1p2(k1k2) "t plus two more param-
eters (accessary parameters).



2.4. Basic hypergeometric series -16/33-
Basic hypergeometric series qp1(a, b; ¢; x):

(¢ — abgz)u(zq?) — [c + q — (a + b)gx]u(qr) + q(1 — x)u(z) = 0.
Local solutions around x = 0:

ur = 201 (@, b;6;2), Uz = eqe(T)2401 (qa/c, qb/c;q?/c; x) .

Local solutions around x = oo:
1

eq(—x

v = )2901 (a,aq/c;aq/b;cq/abx), vy = (a <> b).

Theorem (Thomae) Connection formula for op;:

v — (b,c/a;q) (be/aife (a,c/b; q)oov2

(c;b/a;q) (c;a/biq)se ™

(gb/¢,a/a; @)os Eal=D)eq/e(®) . (qa/c, /b @) E1(=T)eq/c(T)
(g

2/C b/a Q) eqa/c(_x) “ (QQ/C, a/b; q)oo eqb/c(_x)

Ug = V2.



2.4.1. Another method ~17/33-
We set Ay = diag(ky, k2),det(Ag + A12) = k1kao(x — a1)(z — a9).

Y(qz) = (Ag + A12)Y (2)
The connection matrix is given by

P o (77 ] [t o] [, 5

o (@) (2)
e ) = e @en(@)e1jm (@ rym(@)

. (fﬂ:c) 0 (/432:1:) oy (K‘QZE) 4 (mx) 1
p p e e _p p —_ p— .
11P22 o 5 12P21 01 02 6_1/a1(95)€—1/a2($)

Since e_j /4, (a1) = oo and the inversion formula z6(1/x) = 0(x),

PPy O(koai/p1)0(kia1/p2)  O(koas/p1)0(k1az/p2)

PP O(kiar/p1)0(keai/p2)  O(kiraz/p1)0(koaz/ps)’

Constants p;; are determined, up to diagonal actions from the both side.



3.1 Double asymptotic solutions of ¢g-Painlevé ~18/33~
This type of expansions are studied by R. Fuchs at first.

Jimbo also gives the same type of asymptotic solutions for Py, Py and Pyy.
He also showed that the double asymptotic series converges in a small angle
domain.

Mano studied the case of P(A3) (¢-Py1).

Connection formula of ¢-Py
Y(qw,t) = Az, t)Y (z,t) = [Ag + 2A; + Ay2?®]Y (3, 1),

1. The first limit

We take a limit ¢ — 0. Then A(x,t) goes to xA + 22 A
2. The second limit

We set x = £t. We take a new connection:

A€, t) =t h A (e 1)t

We take a limit t — 0. Then A(€,t) goes to M + EA. M ~ Ay/t



The limit equations -19/33-
Yi(2q) = [2(A + 2A2)]Yi(2), Ya(€q) = (M + EA)Ya(E)
are reduced to hyperegeometric.

We set eigenvalues of A as 01, 09. (assume that o109 # 0)

O_lAO = diag(al, 0'2).

We write D = diag(log, 01,1og, 02). Then tossd = C~1PC.,




3.2 How to calculate connection matrix —20/33-
1) The original equation:

Y™ (zq,1) = Alw, )Y ™) (1)
Yz, t) = ¢ DY ) (2 1) 2K, (u =logz, Y)(0) = I)
2) The first limit of solution: From Y(®)(z,t) to Y;(z):

im Y ) (z, ) = V" ().

t—0
Y% (wq) = [1(A + 2A9)]Y) (2)
3) Connection formula for Y;(z):
00 0
Y (@) = V{" (2) Pi(w),

}/1(0)(33) _ qu(u_l)/QCY(O)(I>$D, (%(0) _ ])

where C7'AC = diag(01, 05), and D = diag(log, 01, log, 02).
C has an anbiguity C' — CG, G is a diagonal matrix.



3.2 How to calculate connection matrix (Suite) ~21/33-
4) The second limit : Set & = z/t.

Y, (€q) = (M + M) Y (€)

3/2(00)(5-) _ qv(v—l)/ZC}A/Q(OO)(:C)xD.

5) Connection formula for Yi(x)

Y,2(6) = v,V (6) Ro(€)

6) We can reconstruct Y (x,t) from Y; by an iteration operator

> t t th—1
Uz, 1) :1+Z/O dqt1/0 dqt2-~/0 Ayt F (2, 00 ) F (2, ) -« Fla, 1),
n=1

Here




Lemma. ~22/33~
YO (@, 1) = Uz, )Y (2),

YO (2, ) Py(2/t) = Uz, )Y, ().
Proof is the standard way to solve an integral equation starting from the

initial value Y, (z).

Proof of Theorem:
By the Lemma above, we have

YO (2,) Pa(a/t) Po(z) = Uz, )Y, (2) Pi(z)

Therefore

YN z) = YO (2, 8) Po(2/t) P (2) = YOz, ) P().



4. The space of connection matrices

We start

Y(qr) = [Ag + 2A; + - + 2V AN]Y (),

det A(z) = K1k - k(. —ag)(x —ag) -+ - (z — ayn)
)

Set y(x) = det Y (x). Then y(z) is represented by theta functions:

y(rq) = Kike -+ k(T — ay)(x — ag) - - (x — apn)y(x).

Local solutions:

Yo(z) = L() diag{e,, (2), .., ¢, (2)},
Vao(@) = 0(x) ™ R(z) diag{es, (@), .., e, (2)}.

Proposition (Birkhoff factorisation)

(1) L(x)~! is holomorphic on C*. L(z) has simple poles
over ¢ Na; (j =1,2,...,7).

(2) R(z) is holomorphic on C*. R(x)~! has simple poles
over ¢Ta; (j=1,2,...,7).

-23/33-



4.1 The space of connection matrices (Suite)

Therefore
M = M(x) = L(z) ' R(x)

is holomorphic on C*. and M ~! has simple poles over anj

Proposition
oM =2 "RMS™!

Here
R = diag(p1, ..., pr), S = (K1,..., Kr).

Frsa={M|o,M =2V RMS™ det M(a;) = 0 (simple)}

Since Yy(z) and Y, (z) has a gauge freedom
}/0(.%‘) ~ YE)(ZU)F, YOO(x) ~ YOO(.%’)A,
where I' and A are constant diagonal matrices. Therefore

M ~T'MA

-24/33-



4.2 The space of connection matrices (Suite) -25/33

Definition The space of connection matrices

Frsa={M|o,M =2 NRMS™' det M(a;) = 0 (simple)}/ ~

We consider a g-difference equation
V(zg) = A(2)Y ()
here A(z) = Ag + zA; + - - + 2V Ay with non-resonance condition.
Definition A ~ B if and only if there exists F' € GL,(C(z)) such that
B = (0,F)AF!
Definition The space of ¢-difference equations

SR,S,Q = {A([E) |A(ZE) = A() + ZL‘Al 4+ -4 J}NAN}/ ~

Theorem (7) The map
SR,S,Q — FR,S,Q

is onto and one-to one.



4.3 Sketch of proof -26/33-

1. Injectivity
Let A € ER g, resp. B € Egg.,,

My=L{'Ra, Mp=L;Rp
Since My = I 'MpA,
Liy'Ra=T"L3'RpA = LpT'Ly' = RpAR}'
If weset F=Lgl'Ly' = RpAR,". Then
B = (0,F)AF .
2. Surjectivity

Based on Birkhoff’s factorization theorem:

Let C a simple closed analytic curve on the Riemann sphere P*(C), separating
0 from oo and P}(C) \ C'= Dy U D..

Let M(x) a given analytic invertible matrix on C.

Then there exist analytic matrices My on Dy and M., on D, such that

My = M M on C.



5 Structure of F: ¢-Py; -27/33-
Jimbo-Sakai’s ¢- Py
Y(qr) = A(2)Y (z) = [Ag + x4, + As2?|Y (z),

R = diag(py, p2), S = diag(k1, k), Ag=TRI', A;=ASA™!
det A(z,t) = Kiko(z — a1)(x — ag)(x — CL3)(.CU — ay).

L(zq) = A(x)L(x)R™', L(zx)=T+4--- € GLy(C{x}),
R(zq) = 2 2A(x)R(x)S™", R(z)=A+--- € GLy(C{x'})

We set
M = M(z) = L(z) ' R(z)

M is holomorphic on C* and M has simple zeros at anj.
oM =2 *RMS™!
For any diagonal matrices I' and A,

M~M — M=T""MA



5.1 Precise description of F

We take matrix elements (mq1, mi2, may, mas) € O(C*) of M.

mMi1May — My2Maa 7# 0.
(ma1meg — miamas)(a;) = 0.
For any ¢y, co,dy,dy € C*,

(mn, mig, Moy, m22) ~ (m/n, m’12, ml217 m’22)

if and only if
d.
m;k = —]mjk, 7, k=12
Ci

Remark. A g-analogue of Fuchs’ relation

p1p2a1020304 = K1K2.

-28/33-



5.2 Elementary space V}, —29/33-
For k € N, a € C*,
Vi = {f € O(C*) |0, f = az™" f}.
Itk=1,223, .. dmV,, =k and
Via = (0,(—2/a)| " = a)
A natural map

Via X Vip = Vierjars  (f,9) = fg

Proposition The image of V5, X Va3 in V4 is a quadric hypersurface of
equation XT —YZ =0

Proof
Take basis u,v € Vo, t/,0" € Vou. Then (X,Y,Z,T) = (v, ut’,v'v,v0') is a
basis of Vi gp.



5.3 Algebraic description of F: ¢-Py; -30/33-

We consider
mgj € VQ»Pi/K«j‘

Then
miimeoy € X1, miameg; € Xo,

where X7 and Xy are quadric hypersurfacs in
V= Vzlaplm/filfiz
Since det M # 0,
(M1, Ma) = (my1maz, miamar) € X1 X Xo \ V x V.

The action of diagonal matrices I'; A induces a scalar action dyds/cics.
In the case x = a; (j =1,2,3) and k € Z,

(ma1maz — miamar)(a;) = 0.
Theorem From Fprg, to
G ={(f,9) € X1 x Xy | (muymay — migma1)(a;) =0 j=1,2,3}/C*

is bijective.



10. Other cases
by Jimbo-Sakai, P(A3), by M. Murata (other)

Y(qr,t) = A(z,t)Y (x,t),
Y(x,qt) = B(z,t)Y (x,t).

Az, t) = Ao(t) + 2 A1 (t) + 27 Ay,
B(x,t) = f(x,t)(z] + Bo(t)),

( X

e P
[z, t) = - (AL
E P

The compatibility condition leads to ¢-Painlevé equations

Az, qt)B(x,t) = B(qx,t)A(x,t).

-31/33-



10.1. The linearized equation
P(Ag)l
Eigenvalues: Ay(t) ~ diag(0:t,05t), Ay = diag(k1, k2)
det A(z,t) = Kiko(x — art)(z — ast)(z — a3)(x — ay).
P(A4)I
Eigenvalues: Ag(t) ~ diag(b1t, 0ot), Ay = diag(ky,0)
det A(x,t) = Kiko(x — art)(z — ast)(x — a3).

P(A5)ﬂl
Eigenvalues: Ay(t) ~ diag(61t,0), A, = diag(k1,0)
det A(x,t) = kikox(x — art)(x — as).

P(AG)ﬂZ
Eigenvalues: Ay(t) ~ diag(61t,0), A, = diag(k,0)
det A(x,t) = kikox?(z — ag).
by M. Murata

-32/33-



10.2 Limit from Painlevé to hypergeometric
P(A3): det Az, t) = rika(x — ait)(z — ast)(x — asz)(z — ay).
— det Ay(x,t) = kikox?(z — a3)(x — ay) Heine
— det Ay(x,t) = o109(x — ay)(x — az)  Heine
P(Ay): det A(z,t) = kiko(x — ait)(x — ast)(x — ag).
— det Ay(x,t) = kykoa?(z — a3) ¢-Kummer
— det As(x,t) = 0y09(x — a1)(x — az)  Heine

P(A5)*: det A(z,t) = kykoz(z — art)(z — as).
— det Ay(x,t) = kyroa?(z — a3) g-Kummer
— det As(x,t) = o109(x — aq) ¢-Kummer

P(Ag)*: det A(z,t) = rykoz®(z — as).
— det Ay(x,t) = kykroa?(z — a3) ¢-Kummer
— det Ay(z,t) = 01092° Hahn-Exton

-33/33-
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